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Abstract

The paper provides a solid foundation in the fundamentals of ehevardimensional Fourier series and
transforms, examines the representation of periodic nonesgdalssignals which can include current,
voltage, voice, image etc, as sum of infinite trigonomaligicseries in sine and cosine terms, presents
analysis of Fourier series with regard to some of itsiegpbns and modeling in electric circuits
illustrated with corresponding numerical problems, atsdeing used the processing of images in its
frequency domain rather than spatial domain associated wifdredt filters, giving examples with
algorithms developed in MATLAB and making visual companis for each method.

Keywords: Fourier series; Fourier transform; electrigaiit; image processing.

1 Introduction

Conventional Fourier analysis has many schemes for diffeypas of signals. They are Fourier transform
(FT), Fourier series (FS), discrete-time Fourier tiams (DTFT), and discrete Fourier transform (DFT).

*Corresponding author: E-mail: shpetim.math@gmaiht,
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Using the Fourier analysis, the signal,which can be definedf@scdon (of time or space), whose values
convey information of any mathematical or physicalcpss that it presents, is decomposed in sinusoids,
namely frequencies, whose amplitudes form so-called spafdi@quencies of a signal [3].
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Let us consider orthogonal set givenelgw’t, n=0,+1+%2,.. in asegment [J {to,tO +—} . When a
0

signal is expanded in exponential series than we have wwitdoFourier series of the functiot (t):
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Fourier transform is linear operator that given signalodgmses into its component frequencies and is
defined as follows:
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F(W):¢[f](W)=T f(t) e™ dt, Wheref(t):%TJ. F(W)émdt F(W)z‘ F( V\)‘ g

—00 —00

Inverse of Fourier transform is given by this formtﬂa(t) = ¢_1[¢[ f](t)] =%T F (W) é" dw and

00

using this the signal can be synthesized by adding all compfvegoencies.

Obviously thatF (W) plays the role ofAn in the first equation. Suppose that there 2 + 1 equidistant

t JE—
nodes f, = f (tk),A =?k, k=0,N-1, of discrete frequencies in a range frer/, tow, . Consider

. 2rm N N _ _— _ I
frequenciesw, :m, for N = —E,...,E. We give approximation of Fourier transform in this range
by theRiemann sum as follows:

® ) N-1 . N-1 _ 2m
F(w,)= .[ f(t)e™ dt= Z f " A respectively, F (W) = AZ f,e N =AF , which gives
o k=0 k=0

the equation of discrete Fourier transform of the sigﬁét). Most efficient method for calculation of
N
discrete Fourier transform, that separates it into sumeverf terms and odd terms feé——l nodes and

decreases time of calculations frdB]( Nz) operations tcO( Nlogz N) operations is algorithm called

fast Fourier transform.
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LetW=¢€e N be sequence of complex numbers, than
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1.1 Some known resultsfor Fourier transform
) oLt (t-a)](w) = e[ () » o[ (a))(w)= 2] ][]
i) Convolutionh(t) = f (t) *g(t):Io f(r)g(t-7) dr=>p[H(W=¢[ (W] J( W

w o[ 10 (0)](w) = () o] 11w 0™ 10 (w)](0) =(-it) 5[ 1](1)
F(t)=cos 2m4) 0 1(1) = cof 2vgt)=> 4] 1](w)=3(w- wg) + S we ).

Vi)

where 5(t) = {;o:[t_;té)’ T 5(t)dt =1

2 Application of Fourier Seriesand Transformsin Electric Circuits

For solving, analyzing and keeping in steady condition netwarkk electric circuits, which in practice
sometimes are expressed by non-sinusoidal periodic functtossitable application of Fourier series, by
analyzing phasors which represent complex numbers, respgdimakoidal signals which show current or
voltage values. Let us give the transformation of non-sidaseglues to an infinite series [1,2,5].

Consider periodic function, with time period wilh f (t —mT) = f(t), M N expanded in Fourier
series as follows:

0

f(t)=%a0 +> (g coskwt+ R sinkvv)z%+i A cof kwta,) =%+i B sifi kwt 3,),
k=1 k=1 k=1
where  wt-frequencie: and a,,pB, —phase . By the known  formulas

sin(xi y):sinxcosyi siny cos and cos(x*y)= cosx cogF sity sim we obtain

f(t):%+iﬂ(cowk cokwt— simv, sikwt #%+i B (co8, sikwt s céwit, so
k=1 k=1
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2] 1(9 cof k) dtang

0

=$]‘ f (t)dt, g = Acosa, = B sinB, =

b =-Asina, = B, cosf, = ?].f t) si{ kwi) dt
|A<|:|Bqﬂ|:4/a§+ 7,5, = arctg%dheak:_ arctg%

In [4] using the Fourier transform is analyzed square wavag®lsignal, now applying Fourier series we
will analyze unipolar voltage signal, which is given in Eig. 1 below simulated by Vision Professional:

Fig. 1. Uni-polar voltage signal

From y-axis symmetry the signal is even that's wfﬁ)(—t) =f (t) consequently it will not contain sine

terms. We find Fourier coefficients in the exponential form:

1T 1 % % T
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A = 2Asm( nnj , Z A" = - kZ{(Zk )1cos( 2k+ 3 wt, which
n-tek )

nzr
below is represented graphically using MATLAB for fitistee, four, five and seven terms where T=16
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Fig. 2. Representation of unipolar voltage signal as cosine sums

where x-axis represents time and y-axis represents voltage

This will be illustrated numerically for calculation ofddirect current). Let A=10V. From above formulas

can be concluded that (t) =V, +ZVk COS( Ktw- avk). DC term is 5 V. Amplitude of the primary

k=1
. . 400 _ i .
harmonic  term s =12.7388 and effective value (of the first term is)
T

4710 40
A =—==—+-——=9.00WV and other terms are displayed below in the Table 1:

2 4.4406

Table 1. Primary termsof Fourier series

The Fourier seriesterm Voltage (V)
DC +5V
First harmonic ter +9.007\
Third -3.000v
Fifth +1.800\
Seventh -1.2860V
Ninth +1,000V

While a signal represents a piece-wise continuous functiolR - C, filter maps a given signal into a
new signal, in order to modify it respectively to move tigpal noise or represents an electrical impedance
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which depends on the frequency of the signal current tryingass. Next using the Fourier transform we
will analyze passing the voltage step through high-pass.fil

|
E

e
G || "
C

Fig. 3. A high-passfilter passing a voltage step

27vV, 1 . . ,
From Ohms law we haW¥, = ————, where@ = ——, R-resistanceC-circuit capacity. Input step
a +2mv RC

X
has amplitudd/ , as such by the functiohl (X) = _[ 5(t) dt where 5('[) is defined in the introduction

— \Y
section, can be expressed éﬁ(t)ZVH(t) . lts frequency will be Py =V, (V) and
v

vV 2inv \% , . o .
VO(V) = o P = e . The time variation of output voltage is given by the Faurie
17V a VN oa ny
2nltv L \74 Ny © itz
\Y é iV é
transform V VI— dv=— — dz=—— | ———— dz. Using the Cauchy
a +2rmv 2rY a+iz 21° —ai+z
integral formula for integration of complex functio@g7i Res( f ,a) =I f( Z) dzin our case the pole is
C
I'(Z o ta
-2mve -
Z=ai so ——I dz= = Ve where contour zone consists i) real axis where
-qi+z
V r itx
dz= dx, so is obtained the mtegrhm—— ————dx and ii) semicircle with infinity radius where

ree 2717 —@i+X
the integrand vanishes. So= €” = r(cosg + i sing) = & = S04 SWY ith real parte ™™,

which for t >0 and upper part of the circle vanishes as radius teniddinity, namely the time variation of
output voltage 8V, (t) =Ve™ . Next we will give a numerical example.

In the Fig. 4, the circuit has sourcVS(t) of non-sinusoidal form, whose Fourier series is

= 23|n( X - :Dnt)
=0.5+ Z 2k 1) . We will find voltageV, (t) in inductor and find the amplitudes of
k=1

the corresponding spectrum.
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2H

Fig. 4. Electric circuit

2w,iV,(t)

Output voltage will bé\/0 (t) =——————, W, = 7. DC component will be 0 fa, =0. Considering
2nm+5

that sine part of phasor o AC (alternating curreni{ —9(® we obtain that

nw

2(n-1rm
orr 5 oryr . Cco§ nsit— arctg T
V, (t) =——=—| —arctg— |=4> .
Y 25+ 4n? WT( "9 ) nZ:;‘ \/25+4(2'1—:Dzn2 >

calculations for four first terms is obtained this result

Table 2. Primary terms of Fourier series

w 7 3T 5 7T
V, 05 0.2 0.13 0.1

3 Some Applications of Two-dimensional Fourier Transform in Image
Processing

For a matrix of the dimensioMXN two-dimensional discrete Fourier transform (DFT) arsdiitverse
(IDFT), respectively, can be written as

M-1N-1 _27(Mvy+Nux) 1 M-aN- 271 (Mvy+ Nux)
F(u,v)=zz;)f(x, yye M andf(x,y)=wzo2)F(u,v)e MN
x=0 y= x=0 y=

[6,7].
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Next we represent some two-dimensional sinusoids:
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Fig. 5. Some two-dimensional sinusoids

Are displayed: first imagt{cos@ yu= O,vz%s}, second imag:{cos@ yu=0yv= 557}

256 256 256’
third image cos@x,u=@ v= G, fourth image cos@x,u=27 v= (G and fifth image
256 256 256 256

Co{@yj Co{@yj PG
256 256 256 256
Idea is that the given imagd (X, y) with dimensionsMXN is represented in domain frequencies

F (u,v), which by using the inverse Fourier transform returns éogilien image, namely is decomposed

into sum of two-dimensional weighted orthogonal functions irsttmae way as decomposition of vector into
basis using scalar product, as follows:

T 7

Fig. 6. Decomposition of an image as sums of sinesand cosines

The value F (u,v) is called dc-component and is f&XN times greater than average value of

u,v=0

f (X, y). In this case in visual way we analyze Fourier tramsfoy calculation the magnitude or spectrum

F (u, V) (|F (u, V)| ), which really is displayed as an image. By the follogviheorem is given the relation

between spatial domain and frequency domain, at the saméhinbasic steps of DFT filtering in frequency
domain.

Theorem 1. g(X, y): P‘(X ))* f( X ))c» Cﬁ X )/= I-ﬂ ,X)/ (:,X)yandconversely
G(xy)=H(x Y* A x Y= d xy= b xY t Xwhere
h(x y)= IDFT(H(u V)0 H( % y= DFT K u}).
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From this theorem can be concluded that that the multifgicaf two Fourier transforms corresponds to
convolution of two functions which are their inverse ainsforms in the spatial domain. So using the
Fourier transform helps the acceleration of spatiarlt

We apply the Sobel filter, which uses kernels of dimensi8ct@voluted with original image in order to

calculate the derivative approximations of both axes \artgnd horizontal. Kernel is given by the

multiplication of matricesS = [1 2 ]]T [— 10 Z] LetAbe taken as original image th&s, and G,

are images that contain derivative approximation points ofd¢ratal and vertical axis respectively and are
given by the formulas, = S* AandG, = S'* A For this application is taken the image for logo of
Tetovo University, and are obtained these results:

Fig. 7. Sobel filter application

Are displayed: Original image, the image filtered in spatia frequency domain, the image obtained by
absolute value which correct magnitude when used complebemgnand threshold into a binary image,
respectively.

Smoothing filters create a blurred image, attenuate thb fiequencies and do not change the low
frequencies of the Fourier transform. Wi[h(u, V) is denoted the distance betwe(ehh, V) and the center
of the filter.

Let a=0 be a fixed number. For the same image we use a smodihigrgdefined by the formula
—Dz(u,v)]

H (u,v):(i 205

and are obtained these results:

Fig. 8. Smoothing filter application

Are displayed: original image, Fourier spectrum of the im#gejmage with used filter and the spectrum of
the image where is used the filter, respectively.

Sharpening filters show the edges of an image, atterthatdow frequencies and do not change high
frequencies of the Fourier transform. The relation betwéanpsning filters denoted alslsh(u,v) and
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smoothing filters denoted bl (u, V) , is given by this formuIaHsh(u, V) + Hs( u, \b =1 Leta=0
be a fixed number. For the same image we use the shagpdilter givem by formul

-D*(u,v)
_ i 203 j .
H (u, V) =1- and obtained these rest:

Fig. 9. Sharpening filter application

Are displayed: original imagé;ourier spectrum of the image, the image with used fiibel the spectrum ¢
the image where is used the filter, respecti

Bandstop filters are used to remove repetitive magnitudsenfsom an image, are like ia narrow sha
filter, but they novelize out frequencies other than the dc component, ademgatected fl frequency an
not change other frequencies of the Fourier transform. We apply baar-stop filter

(D(u)”

H (u,v)= (O +(0 ()

to a noisy image (a ball) and are obtained these re:

Fig. 10. Band-stop filter application

Are displayed: noisy image, Fourier spectrum of the noigge (with selected filters that are attenuate
the image with used filter and the spectrum of the image wheised the filter, resctively.

4 Conclusions

In the first section of the paper are given general fatfourier series and transform as-requisites for
developing a foundation in understanding the relationship betweee tomair-frequencies an
communication signalsnlthe second section is given application of-dimensional Fourier series a
transform in electrical networks, by using conventional glemvectors methods, as arnalyzing unif
signal and passing the voltage step through-pass filter illustratedvith numerical examples. In the thi
section is being used the processing of images in isid¢recy domain rather than spatial domaincstes
with different filters, giving examples with algorithms vééoped in MATLAB and making vist
description ad comparison for each meth

10
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