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1 Introduction

Fuzzy set was defined by Zadeh [1] and Katsaras [2], who while studying fuzzy topological vector
spaces, was the first to introduce in 1984 the idea of fuzzy norm on a linear space. In 1992, Felbin
[3] defined a fuzzy norm on a linear space with an associated metric of the Kaleva and Seikkala
type [4]. A further development along this line of inquiry took place when in 1994, Cheng and
Mordeson [5] evolved the definition of a further type of fuzzy norm having a corresponding metric
of the Kramosil and Michalek type [6].

Chitra and Mordeson [7] introduced the definition of fuzzy norm and thereafter the concept of fuzzy
normed space has been introduced and generalized in different ways by Bag and Samanta in [8], [9],
[10]. In 2011, Mohsenalhosseini et al. [11], introduced the approximate fixed point in fuzzy normed
spaces.

In this paper starting from the article of Mohsenalhosseini and Mazaheri [12], we study some well
known types of operators on fuzzy normed spaces, and we give some qualitative and quantitative
results regarding approximate best proximity pairs of such operators.

Throughout this article, the symbols ∧ and ∨ mean the min and the max, respectively.

2 Some Preliminary Results

We begin by recalling some needed definitions and results.

Definition 2.1. Let U be a linear space on R. A function N : U ×R → [0, 1] is called fuzzy norm
if and only if for every x, u ∈ U and for every c ∈ R the following properties are satisfied :

(FN1) : N(x, t) = 0 for every t ∈ R− ∪ {0},

(FN2) : N(x, t) = 1 if and only if x = 0 for every t ∈ R+,

(FN3) : N(cx, t) = N(x, t
|c| ) for every c ̸= 0 and t ∈ R+,

(FN4) : N(x+ u, s+ t) ≥ min{N(x, s), N(u, t)} for every s, t ∈ R+ ,

(FN5) : the function N(x, .) is nondecreasing on R, and limt→∞ N(x, t) = 1.

The pair (U,N) is called a fuzzy normed space. Sometimes, We need two additional conditions as
follows:

(FN6) : ∀t ∈ R+ N(x, t) > 0 ⇒ x = 0.
(FN7) : function N(x, .) is continuous for every x ̸= 0, and on subset

{t : 0 < N(x, t) < 1}

is strictly increasing.
Let (U,N) be a fuzzy normed space. For all α ∈ (0, 1), we need define α norm on U as follows :

∥x∥α = ∧{t > 0 : N(x, t) ≥ α} for every x ∈ U.

Then {∥x∥α : α ∈ (0, 1]} is an ascending family of normed on U and they are called of α−norm on
U. We give some notation, lemmas and example which will be used in this paper.

Lemma 2.1. [8] Let (U,N) be a fuzzy normed space such that satisfy conditions FN6 and FN7.
Define the function N ′ : U ×R → [0, 1] as follows:

N ′(x, t) =


∨{α ∈ (0, 1) : ∥x∥α ≤ t} (x, t) ̸= (0, 0)

0 (x, t) = (0, 0)
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Then
a)N ′ is a fuzzy norm on U .
b) N = N ′.

Lemma 2.2. [8] Let (U,N) be a fuzzy normed space such that satisfy conditions FN6 and FN7. and
{xn} ⊆ U , Then limn→∞ N(xn − x, t) = 1 if and only if

lim
n→∞

∥xn − x∥α = 0

for every α ∈ (0, 1).

Note that the sequence {xn} ⊆ U converges if there exists x ∈ U such that

lim
n→∞

N(xn − x, t) = 1 for every t ∈ R+.

In this case x is called the limit of {xn}.

Definition 2.2. [13] Let (U,N) be a fuzzy normed space, T : U → U, ϵ > 0 and u0 ∈ U. Then u0

is a F z
ϵ -approximate fixed point (fuzzy approximate fixed point) of T if for some α ∈ (0, 1)

∧{t > 0 : N(u0 − Tu0, t) ≥ α} ≤ ϵ.

Remark 2.1. [13] In this paper we will denote the set of all F z
ϵ -approximate fixed points (fuzzy

approximate fixed points) of T , for a given ϵ > 0, by

F z
ϵ (T ) = {u ∈ U : ∧{t > 0 : N(u− Tu, t) ≥ α} ≤ ϵ for some α ∈ (0, 1)}.

Definition 2.3. [13] Let T : U → U. Then T has the fuzzy approximate fixed point property
(f.a.f.p.p.) if

∀ ϵ > 0 F z
ϵ (T ) ̸= ∅.

3 Fuzzy Approximate Best Proximity Pair for Various
Types of Operators

In the section, we begin with two lemmas which will be used in order to prove all the results given
in the same section.

Definition 3.1. Let (U,N) be a fuzzy normed space which satisfies conditions FN6 and FN7 and
{∥.∥α : α ∈ (0, 1)} the set of α−norms defined on U. Suppose A and B are nonempty subsets of
U, T : A ∪ B → A ∪ B such that T (A) ⊆ B and T (B) ⊆ A and ϵ > 0. Then u0 ∈ A ∪ B is a
F z-approximate best proximity points of the pair (A,B), if for some α ∈ (0, 1)

∧{t > 0 : N(u0 − Tu0, t) ≥ α} ≤ ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ.

Remark 3.1. In the rest of the paper we will denote the set of all F z-approximate best proximity
point of the pair (A,B), for a given ϵ > 0, by

F z
ϵ (A,B) = {u0 ∈ A ∪B : ∧{t > 0 : N(u0 − Tu0, t) ≥ α} ≤ ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ}

for some α ∈ (0, 1).
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Lemma 3.1. Let (U,N) be a fuzzy normed space which satisfies conditions FN6 and FN7, and A
and B be nonempty subsets of U. Suppose that the mapping T : A∪B → A∪B is satisfies T (A) ⊆ B,
T (B) ⊆ A and for some α ∈ (0, 1),

Limn→∞ ∧ {t > 0 : N(Tnu− Tn+1u, t) ≥ α} = ∧{t > 0 : N(A−B, t) ≥ α}, for some u ∈ A ∪B.

Then the pair (A,B) is a fuzzy approximate best proximity pair.
Proof: Let ϵ > 0 be given and u ∈ A ∪B such that

Limn→∞ ∧ {t > 0 : N(Tnu− Tn+1u, t) ≥ α} = ∧{t > 0 : N(A−B, t) ≥ α}.

Then there exists N0 > 0 such that

∀n ≥ N0 : ∧ {t > 0 : N(Tnu− Tn+1u, t) ≥ α} < ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ

for some α ∈ (0, 1). If n = N0, then for some α ∈ (0, 1)

∧{t > 0 : N(TN0u− T (TN0)u, t) ≥ α} < ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ.

Therefore TN0u ∈ F z
ϵ (A,B) and F z

ϵ (A,B) ̸= ∅. Hence there exists a fuzzy approximate best
proximity pair in A ∪B. �

Definition 3.2. Let (U,N) be a fuzzy normed space such that satisfy conditions FN6 and FN7, and
A and B be nonempty subsets of U. We define fuzzy diameter of F z

ϵ (A,B) ̸= ∅ for some α ∈ (0, 1)
as

δα(F z
ϵ (A,B)) = ∨[∧{t > 0 : N(u− v, t) ≥ α ∀ u, v ∈ U}].

Lemma 3.2. Let (U,N) be a fuzzy normed space such that satisfy conditions FN6 and FN7, and
A and B be nonempty subsets of U. Suppose that the mapping T : A ∪ B → A ∪ B is satisfies
T (A) ⊆ B, T (B) ⊆ A and ϵ > 0. We assume that for some α ∈ (0, 1) :

1) F z
ϵ (A,B) ̸= ∅;

2) for all µ > 0 there exists φ(µ) > 0 such that

∧{t > 0 : N(u− v, t) ≥ α} − ∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ µ

⇒ ∧{t > 0 : N(u− v, t) ≥ α} ≤ φ(µ) ∀u, v ∈ F z
ϵ (A,B).

Then:
δα(F z

ϵ (A,B)) ≤ φ(2(∧{t > 0 : N(A−B, t) ≥ α}+ ϵ)).

Proof: Let ϵ1, ϵ2 > 0 and u, v ∈ F z
ϵ (A,B). Then:

∧{t > 0 : N(u− Tu, t) ≥ α} ≤ ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ1

and
∧{t > 0 : N(v − Tv, t) ≥ α} ≤ ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ2.

We can write:

∧{t > 0 : N(u− v, t) ≥ α} ≤ ∧{t > 0 : N(u− Tu, t) ≥ α}+ ∧{t > 0 : N(Tu− Tv, t) ≥ α}

+∧{t > 0 : N(v−Tv, t) ≥ α} ≤ ∧{t > 0 : N(Tu−Tv, t) ≥ α}+2(∧{t > 0 : N(A−B, t) ≥ α})+ϵ1+ϵ2

Put ϵ = Max{ϵ1, ϵ2}, therfore,

∧{t > 0 : N(u− v, t) ≥ α} − ∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ 2(∧{t > 0 : N(A−B, t) ≥ α}+ ϵ).

Now by (2) it follow that

∧{t > 0 : N(u− v, t) ≥ α} ≤ φ(2(∧{t > 0 : N(A−B, t) ≥ α}+ ϵ),

So
δα(F z

ϵ (A,B)) ≤ φ(2(∧{t > 0 : N(A−B, t) ≥ α}+ ϵ)

for some α ∈ (0, 1). �
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Lemma 3.3. Let (U,N) be a fuzzy normed space such that satisfy conditions FN6 and FN7, and
A and B be nonempty subsets of U. Suppose that the mapping T : A ∪ B → A ∪ B is satisfying
T (A) ⊆ B, T (B) ⊆ A and ϵ > 0. We assume that for some α ∈ (0, 1),

1) Limn→∞ ∧ {t > 0 : N(Tnu− Tn+1u, t) ≥ α} = ∧{t > 0 : N(A−B, t) ≥ α},
for some u ∈ A ∪B.

2) for all µ > 0 there exists φ(µ) > 0 such that

∧{t > 0 : N(u− v, t) ≥ α} − ∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ µ

⇒ ∧{t > 0 : N(u− v, t) ≥ α} ≤ φ(µ) ∀u, v ∈ F z
ϵ (A,B).

Then:
δα(F z

ϵ (A,B)) ≤ φ(2(∧{t > 0 : N(A−B, t) ≥ α}) + ϵ).

Definition 3.3. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. A
mapping T : A ∪B → A ∪B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-a-contraction if there exists
a ∈ (0, 1) such that

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ a ∧ {t > 0 : N(u− v, t) ≥ α}, ∀u, v ∈ A ∪B.

Theorem 3.4. Let (U,N) be a fuzzy norm spaceed and A and B be nonempty subsets of U. Suppose
that the mapping T : A ∪B → A ∪B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-a-contraction.
Then:

∀ϵ > 0, F z
ϵ (A,B) ̸= ∅.

Proof: Let ϵ > 0 and u ∈ A ∪B.

∧{t > 0 : N(Tnu− Tn+1u, t) ≥ α} = ∧{t > 0 : N(T (Tn−1u)− T (Tnu), t) ≥ α}
≤ a ∧ {t > 0 : N(Tn−1u− Tnu, t) ≥ α}

...

≤ an ∧ {t > 0 : N(u− Tu, t) ≥ α}.

But a ∈ (0, 1) Therefore

Limn→∞ ∧ {t > 0 : N(Tnu− Tn+1x, t) ≥ α} = 0, ∀u ∈ A ∪B.

Now by Lemma 3.1 it follows that F z
ϵ (A,B) ̸= ∅, ∀ϵ > 0. �

In 1968, Kannan (see [14],[15] ) proved a fixed point theorem for operators which need not be
continuous. We apply it to fuzzy normed space for fuzzy approximate best proximity pair.

Definition 3.4. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. A
mapping T : A ∪ B → A ∪ B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-Kannan operator if there
exists a ∈ (0, 1

2
) such that

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ a[∧{t > 0 : N(u− Tu, t) ≥ α}
+ ∧{t > 0 : N(v − Tv, t) ≥ α}],

for all u, v ∈ A ∪B.

Theorem 3.5. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. Suppose
that the mapping T : A ∪ B → A ∪ B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-Kannan operator.
Then:

∀ϵ > 0, F z
ϵ (A,B) ̸= ∅.
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Proof: Let ϵ > 0 and u ∈ A ∪B.

∧{t > 0 : N(Tnu− Tn+1u, t) ≥ α} = ∧{t > 0 : N(T (Tn−1u)− T (Tnu), t) ≥ α}
≤ a[∧{t > 0 : N(Tn−1u− T (Tn−1u), t) ≥ α}
+ ∧{t > 0 : N(Tnu− T (Tnu), t) ≥ α}]
= a ∧ {t > 0 : N(Tn−1u− T (Tn−1u), t) ≥ α}
+ a ∧ {t > 0 : N(Tnu− T (Tnu), t) ≥ α}.

Therefore

(1− a) ∧ {t > 0 : N(Tnu− Tn+1u, t) ≥ α} ≤ a ∧ {t > 0 : N(Tn−1u− Tnu, t) ≥ α}

Then

∧{t > 0 : N(Tnu− Tn+1u, t) ≥ α} ≤ a

1− a
∧ {t > 0 : N(Tn−1u− Tnu, t) ≥ α}

...

≤ (
a

1− a
)n ∧ {t > 0 : N(u− Tu, t) ≥ α}

But a ∈ (0, 1
2
) hence a

1−a
∈ (0, 1). Therefore

Limn→∞ ∧ {t > 0 : N(Tnu− Tn+1x, t) ≥ α} = 0, ∀u ∈ A ∪B.

Now by Lemma 3.1 it follows that F z
ϵ (A,B) ̸= ∅, ∀ϵ > 0. �

In 1972, Chatterjea (see [16]) considered another which again does not impose the continuity
of the operator. We apply it to fuzzy normed space for fuzzy approximate best proximity pair.

Definition 3.5. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. A
mapping T : A ∪B → A ∪B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-Chatterjea operator if there
exists a ∈ (0, 1

2
) such that

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ a[∧{t > 0 : N(u− Tv, t) ≥ α}
+ ∧{t > 0 : N(v − Tu, t) ≥ α}],

for all u, v ∈ A ∪B.

Theorem 3.6. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. Suppose
that the mapping T : A∪B → A∪B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-Chatterjea operator.
Then:

∀ϵ > 0, F z
ϵ (A,B) ̸= ∅.

Proof: Let ϵ > 0 and u ∈ A ∪B.

∧{t > 0 : N(Tnu− Tn+1u, t) ≥ α} = ∧{t > 0 : N(T (Tn−1u)− T (Tnu), t) ≥ α}
≤ a[∧{t > 0 : N(Tn−1u− T (Tnu), t) ≥ α}
+ ∧{t > 0 : N(Tnu− T (Tn−1u), t) ≥ α}]
= a ∧ {t > 0 : N(Tn−1u− Tn+1u, t) ≥ α}
+ a ∧ {t > 0 : N(Tnu− Tnu, t) ≥ α}
= a[∧{t > 0 : N(Tn−1u− Tn+1u, t) ≥ α}.

6
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On the other hand

∧{t > 0 : N(Tn−1u− Tn+1u, t) ≥ α} ≤ ∧{t > 0 : N(Tn−1u− Tnu, t) ≥ α}
+ ∧{t > 0 : N(Tnu− Tn+1u, t) ≥ α}.

Then

(1− a) ∧ {t > 0 : N(Tnu− Tn+1u, t) ≥ α} ≤ a ∧ {t > 0 : N(Tn−1u− Tnu, t) ≥ α}

Hence

∧{t > 0 : N(Tnu− Tn+1u, t) ≥ α} ≤ a

1− a
∧ {t > 0 : N(Tn−1u− Tnu, t) ≥ α}

...

≤ (
a

1− a
)n ∧ {t > 0 : N(u− Tu, t) ≥ α}

But a ∈ (0, 1
2
) hence a

1−a
∈ (0, 1). Therefore

Limn→∞ ∧ {t > 0 : N(Tnu− Tn+1x, t) ≥ α} = 0, ∀u ∈ A ∪B.

Now by Lemma 3.1 it follows that F z
ϵ (A,B) ̸= ∅, ∀ϵ > 0. �

We, by combining the three independent contraction conditions above obtain another fuzzy
approximate best proximity pair result for operators which satisfy the following.

Definition 3.6. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. A
mapping T : A ∪B → A ∪B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-Zamfirescu operator if there
exists α1, β, γ ∈ R, α1 ∈ [0, 1[, β ∈ [0, 1

2
[, γ ∈ [0, 1

2
[ such that for all x, y ∈ A ∪B at least one of the

following is true:

(FZ1) : ∧ {t > 0 : N(Tu− Tv, t) ≥ α} ≤ α1 ∧ {t > 0 : N(u− v, t) ≥ α};

(FZ2) : ∧ {t > 0 : N(Tu− Tv, t) ≥ α} ≤ β[∧{t > 0 : N(u− Tu, t) ≥ α}
+ ∧{t > 0 : N(v − Tv, t) ≥ α}],

(FZ3) : ∧ {t > 0 : N(Tu− Tv, t) ≥ α} ≤ γ[∧{t > 0 : N(u− Tv, t) ≥ α}
+ ∧{t > 0 : N(v − Tu, t) ≥ α}].

Theorem 3.7. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. A
mapping T : A ∪B → A ∪B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-Zamfirescu operator. Then:

∀ϵ > 0, F z
ϵ (A,B) ̸= ∅.

Proof: Let u, v ∈ A ∪B. Supposing FZ2) holds, we have that:

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ β[∧{t > 0 : N(u− Tu, t) ≥ α}+ ∧{t > 0 : N(v − Tv, t) ≥ α}]
≤ β ∧ {t > 0 : N(u− Tu, t) ≥ α}+ β[∧{t > 0 : N(v − u, t) ≥ α}
+ ∧{t > 0 : N(u− Tu, t) ≥ α}+ ∧{t > 0 : N(Tu− Tv, t) ≥ α}]
= 2β ∧ {t > 0 : N(u− Tu, t) ≥ α}+ β ∧ {t > 0 : N(u− v, t) ≥ α}
+ β ∧ {t > 0 : N(Tu− Tv, t) ≥ α}.

7
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Thus

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ 2β

1− β
∧ {t > 0 : N(u− Tu, t) ≥ α}

+
β

1− β
∧ {t > 0 : N(u− v, t) ≥ α}. (1)

Supposing FZ3) holds, we have that:

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ γ[∧{t > 0 : N(u− Tv, t) ≥ α}
+ ∧{t > 0 : N(v − Tu, t) ≥ α}]
≤ γ[∧{t > 0 : N(u− v, t) ≥ α}+ ∧{t > 0 : N(v − Tv, t) ≥ α}]
+ γ[∧{t > 0 : N(v − Tv, t) ≥ α}] + γ[∧{t > 0 : N(v − Tv, t) ≥ α}
+ ∧{t > 0 : N(Tv − Tu, t) ≥ α}] = γ ∧ {t > 0 : N(Tu− Tv, t) ≥ α}
+ 2γ ∧ {t > 0 : N(v − Tv, t) ≥ α}+ γ ∧ {t > 0 : N(u− v, t) ≥ α}.

Thus

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ 2γ

1− γ
∧ {t > 0 : N(v − Tv, t) ≥ α}

+
γ

1− γ
∧ {t > 0 : N(u− v, t) ≥ α}. (2)

Similarly:

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ γ[∧{t > 0 : N(u− Tv, t) ≥ α}
+ ∧{t > 0 : N(v − Tu, t) ≥ α}]
≤ γ[∧{t > 0 : N(u− Tu, t) ≥ α}+ ∧{t > 0 : N(Tu− Tv, t) ≥ α}]
+ γ[∧{t > 0 : N(v − u, t) ≥ α}+ γ[∧{t > 0 : N(u− Tu, t) ≥ α}]
= γ ∧ {t > 0 : N(Tu− Tv, t) ≥ α}+ 2γ ∧ {t > 0 : N(u− Tu, t) ≥ α}
+ γ ∧ {t > 0 : N(u− v, t) ≥ α}.

Then

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ 2γ

1− γ
∧ {t > 0 : N(u− Tu, t) ≥ α}

+
γ

1− γ
∧ {t > 0 : N(u− v, t) ≥ α}. (3)

Now looking at FZ1), (1), (2), (3) we can denote:

η = max{α1,
β

1− β
,

γ

1− γ
},

and it is easy to see that η ∈ [0, 1[.

For T satisfying at least one of the conditions FZ1),FZ2), FZ3) we have that

∧{t > 0 : N(Tu−Tv, t) ≥ α} ≤ 2η∧{t > 0 : N(u−Tu, t) ≥ α}+η∧{t > 0 : N(u−v, t) ≥ α} (4)

and

∧{t > 0 : N(Tu−Tv, t) ≥ α} ≤ 2η∧{t > 0 : N(v−Tv, t) ≥ α}+η∧{t > 0 : N(u−v, t) ≥ α} (5)

hold.

8
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Using these conditions implied by FZ1)− FZ3) and taking u ∈ A ∪B, we have:

∧{t > 0 : N(Tnu− Tn+1u, t) ≥ α} = ∧{t > 0 : N(T (Tn−1u)− T (Tnu), t) ≥ α}
≤(4) 2η[∧{t > 0 : N(Tn−1u− T (Tn−1u), t) ≥ α}
+ η ∧ {t > 0 : N(Tn−1u− T (Tnu), t) ≥ α}
= 3η ∧ {t > 0 : N(Tn−1u− Tnu, t) ≥ α}.

Then

∧{t > 0 : N(Tnu− Tn+1u, t) ≥ α} ≤ · · · ≤ (3η)3 ∧ {t > 0 : N(u− Tu), t) ≥ α}.

Therefore

Limn→∞ ∧ {t > 0 : N(Tnu− Tn+1x, t) ≥ α} = 0, ∀u ∈ A ∪B.

Now by Lemma 3.1 it follows that F z
ϵ (T ) ̸= ∅, ∀ϵ > 0. �

Now, we consider the contraction condition given in 2004 by V. Berinde, who also formulated
a corresponding fixed point theorem, see [15], for example.

Definition 3.7. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. A
mapping T : A∪B → A∪B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-weak contraction operator if
there exists α1 ∈]0, 1[ and L ≥ 0 such that

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ α1 ∧ {t > 0 : N(u− v, t) ≥ α}
+ L ∧ {t > 0 : N(v − Tu, t) ≥ α}

for all u, v ∈ A ∪B.

Theorem 3.8. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. A
mapping T : A ∪B → A ∪B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-weak contraction. Then:

∀ϵ > 0, F z
ϵ (A,B) ̸= ∅.

Proof: Let u ∈ A ∪B.

∧{t > 0 : N(Tnu− Tn+1u, t) ≥ α} = ∧{t > 0 : N(T (Tn−1u)− T (Tnu), t) ≥ α}
≤ α1 ∧ {t > 0 : N(Tn−1u− Tnu), t) ≥ α}
+ L ∧ {t > 0 : N(Tnu− Tnu, t) ≥ α}
= α1 ∧ {t > 0 : N(Tn−1u− Tnu, t) ≥ α}

≤ · · · ≤ αn
1 ∧ {t > 0 : N(u− Tu, t) ≥ α}.

But α1 ∈ [0, 1[. Therefore

Limn→∞ ∧ {t > 0 : N(Tnu− Tn+1x, t) ≥ α} = 0, ∀u ∈ U.

Now by Lemma 3.1 it follows that F z
ϵ (A,B) ̸= ∅, ∀ϵ > 0. �

In 1974, Ciric [17] obtained a contraction condition for which the map satisfying it is still a
Picard operator. We apply it to fuzzy normed space for fuzzy approximate best proximity pair.

Definition 3.8. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. A
mapping T : A ∪ B → A ∪ B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-quasi contraction if there
exists h ∈]0, 1[ such that

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ h ·max{∧{t > 0 : N(u− v, t) ≥ α},
∧{t > 0 : N(u− Tu, t) ≥ α},∧{t > 0 : N(v − Tv, t) ≥ α},
∧{t > 0 : N(u− Tv, t) ≥ α},∧{t > 0 : N(v − Tu, t) ≥ α}}

for all u, v ∈ A ∪B.

9
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Corollary 3.9. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. A
mapping T : A ∪ B → A ∪ B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-quasi contraction with
0 < h < 1

2
. Then:

∀ϵ > 0, F z
ϵ (A,B) ̸= ∅.

Proof: By Proposition 3 of [18] any P-quasi contraction with 0 < h < 1
2
is a weak contraction.

Therfore by Theorem 3.8, F z
ϵ (A,B) ̸= ∅,∀ϵ > 0.

4 Diameter Fuzzy Approximate Best Proximity Pair for
Various Types of Operators

For the same operators we have studied in the previous section, we will formulate and prove useing
Lemma 3.2, in order to obtain results for diameter approximate best proximity pair.

Theorem 4.1. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. Suppose
that the mapping T : A ∪ B → A ∪ B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-a-contraction, and
ϵ > 0. Then for some α ∈ (0, 1) :

diam(F z
ϵ (A,B)) ≤ 2ϵ

1− a
+

2(∧{t > 0 : N(A−B, t) ≥ α}
1− a

.

Proof: Let ϵ1, ϵ2 > 0 and u, v ∈ F z
ϵ (A,B). Then:

∧{t > 0 : N(u− Tu, t) ≥ α} ≤ ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ1

and
∧{t > 0 : N(v − Tv, t) ≥ α} ≤ ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ2.

We can write:

∧{t > 0 : N(u− v, t) ≥ α} ≤ ∧{t > 0 : N(u− Tu, t) ≥ α}+ ∧{t > 0 : N(Tu− Tv, t) ≥ α}

+∧{t > 0 : N(v−Tv, t) ≥ α} ≤ a∧{t > 0 : N(u−v, t) ≥ α}+2(∧{t > 0 : N(A−B, t) ≥ α})+ϵ1+ϵ2

Put ϵ = Max{ϵ1, ϵ2}. Then,

∧{t > 0 : N(u− v, t) ≥ α} ≤ 2ϵ

1− a
+

2 ∧ {t > 0 : N(A−B, t) ≥ α}
1− a

.

Hence

diam(F z
ϵ (A,B)) ≤ 2ϵ

1− a
+

2 ∧ {t > 0 : N(A−B, t) ≥ α}
1− a

for some α ∈ (0, 1). �

Theorem 4.2. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. Suppose
that the mapping T : A ∪ B → A ∪ B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-Kannan operator
and ϵ > 0. Then for some α ∈ (0, 1) :

diam(F z
ϵ (A,B)) ≤ 2ϵ(1 + a) + 2a ∧ {t > 0 : N(A−B, t) ≥ α}.

Proof: Let ϵ > 0. Condition 1) in Lemma 3.2, is satisfied, as one can see in the proof of
Theorem 3.5, we only verify that condition 2) in Lemma 3.2, holds.

Let θ > 0 and u, v ∈ F z
ϵ (A,B)) and assume that

∧{t > 0 : N(u− v, t) ≥ α} − ∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ θ.

10
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Then:

∧{t > 0 : N(u− v, t) ≥ α} ≤ a[∧{t > 0 : N(u− Tu, t) ≥ α}
+ ∧{t > 0 : N(v − Tv, t) ≥ α}] + θ.

As u, v ∈ F z
ϵ (A,B)), we know that

∧{t > 0 : N(u− Tu, t) ≥ α} ≤ ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ1

and
∧{t > 0 : N(v − Tv, t) ≥ α} ≤ ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ2.

Put ϵ = {ϵ1, ϵ2}. Then,

∧{t > 0 : N(u− v, t) ≥ α} ≤ 2a ∧ {t > 0 : N(A−B, t) ≥ α}+ 2aϵ+ θ.

So for every θ > 0 there exists ϕ(θ) = θ + 2a(∧{t > 0 : N(A−B, t) ≥ α}+ ϵ) > 0 such that

∧{t > 0 : N(u− v, t) ≥ α} − ∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ θ

⇒ ∧{t > 0 : N(u− v, t) ≥ α} ≤ ϕ(θ).

Now by Lemma 3.2, it follows that

diam(F z
ϵ (A,B)) ≤ ϕ(2ϵ),∀ϵ > 0,

which means exactly that

diam(F z
ϵ (A,B)) ≤ 2ϵ(1 + α) + 2α ∧ {t > 0 : N(A−B, t) ≥ α}, ∀ϵ > 0. �

Theorem 4.3. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. Suppose
that the mapping T : A ∪B → A ∪B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-Chatterjea operator
and ϵ > 0. Then for some α ∈ (0, 1) :

diam(F z
ϵ (A,B)) ≤ 2ϵ(1 + a) + 2a ∧ {t > 0 : N(A−B, t) ≥ α}

1− 2a
.

Proof: Let ϵ > 0. We will only verify that condition 2) in Lemma 3.2 holds.

Let θ > 0 and u, v ∈ F z
ϵ (A,B)) and assume that

∧{t > 0 : N(u− v, t) ≥ α} − ∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ θ.

Then:

∧{t > 0 : N(u− v, t) ≥ α} ≤ a[∧{t > 0 : N(u− Tv, t) ≥ α}
+ ∧{t > 0 : N(v − Tu, t) ≥ α}] + θ

≤ a ∧ {t > 0 : N(u− Tv, t) ≥ α}
+ a ∧ {t > 0 : N(v − Tu, t) ≥ α}+ θ

≤ a[∧{t > 0 : N(u− v, t) ≥ α}
+ ∧{t > 0 : N(v − Tv, t) ≥ α}]
+ a[∧{t > 0 : N(v − u, t) ≥ α}
+ ∧{t > 0 : N(u− Tu, t) ≥ α}] + θ.

As u, v ∈ F z
ϵ (A,B)), we know that

∧{t > 0 : N(u− Tu, t) ≥ α} ≤ ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ1,

11
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∧{t > 0 : N(v − Tv, t) ≥ α} ≤ ∧{t > 0 : N(A−B, t) ≥ α}+ ϵ2.

Put ϵ = {ϵ1, ϵ2}. Then,

∧{t > 0 : N(u− v, t) ≥ α} ≤ 2a ∧ {t > 0 : N(u− v, t) ≥ α}
+ 2a ∧ {t > 0 : N(A−B, t) ≥ α}+ 2aϵ+ θ.

Then

(1− 2a) ∧ {t > 0 : N(u− v, t) ≥ α} ≤ 2a ∧ {t > 0 : N(A−B, t) ≥ α}+ 2aϵ+ θ.

So,

∧{t > 0 : N(u− v, t) ≥ α} ≤ 2a(∧{t > 0 : N(A−B, t) ≥ α}+ ϵ) + θ

(1− 2a)
.

∧{t > 0 : N(u− v, t) ≥ α} − ∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ θ.

⇒ ∧{t > 0 : N(u− v, t) ≥ α} ≤ ϕ(θ).

Now by Lemma 3.2, it follows that

diam(F z
ϵ (A,B)) ≤ ϕ(2ϵ),∀ϵ > 0,

which means exactly that

diam(F z
ϵ (A,B)) ≤ 2ϵ(1 + a) + 2a ∧ {t > 0 : N(A−B, t) ≥ α}

1− 2a
,∀ϵ > 0. �

Theorem 4.4. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. Suppose
that the mapping T : A∪B → A∪B satisfying T (A) ⊆ B, T (B) ⊆ A is a F-P-Zamfirescu operator
and ϵ > 0. Then for some α ∈ (0, 1) :

diam(F z
ϵ (A,B)) ≤ 2ϵ(1 + η) + 2η ∧ {t > 0 : N(A−B, t) ≥ α}

1− η
.

where η = max{α1,
β

1−β
, γ
1−γ

}, and α1, β, γ as in Definition 3.6.

Proof: In the proof of Theorem 3.7, we have already shown that if T satisfies at least one of
the conditions FZ1),FZ2), FZ3) from Definition 3.6, then

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ 2η ∧ {t > 0 : N(u− Tu, t) ≥ α}
+ η ∧ {t > 0 : N(u− v, t) ≥ α}

and

∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ 2η ∧ {t > 0 : N(v − Tv, t) ≥ α}
+ η ∧ {t > 0 : N(u− v, t) ≥ α}

hold.

Let ϵ > 0. We will only verify that condition 2) in Lemma 3.2 is satisfied, as 1) holds, see the
proof of Theorem 3.7.
Let θ > 0 and x, y ∈ F z

ϵ (A,B)) and assume that

∧{t > 0 : N(u− v, t) ≥ α} − ∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ θ.

12
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Then

∧{t > 0 : N(u− v, t) ≥ α} ≤ ∧{t > 0 : N(Tu− Tv, t) ≥ α}+ θ

≤ 2η ∧ {t > 0 : N(u− Tu, t) ≥ α}
+ η ∧ {t > 0 : N(u− v, t) ≥ α}+ θ

⇒ (1− η) ∧ {t > 0 : N(u− v, t) ≥ α} ≤ 2η ∧ {t > 0 : N(A−B, t) ≥ α}+ 2ηϵ+ θ

∧{t > 0 : N(u− v, t) ≥ α} ≤ 2η(∧{t > 0 : N(A−B, t) ≥ α}+ ϵ) + θ

1− η
.

So for every θ > 0 there exists ϕ(θ) = 2η(∧{t>0:N(A−B,t)≥α}+ϵ)+θ
1−η

> 0 such that

∧{t > 0 : N(u− v, t) ≥ α} − ∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ θ.

⇒ ∧{t > 0 : N(u− v, t) ≥ α} ≤ ϕ(θ).

Now by Lemma 3.2, it follows that

diam(F z
ϵ (A,B)) ≤ ϕ(2ϵ),∀ϵ > 0,

which means exactly that

diam(F z
ϵ (A,B)) ≤ 2ϵ(1 + η) + 2η ∧ {t > 0 : N(A−B, t) ≥ α}

1− η
,∀ϵ > 0. �

Theorem 4.5. Let (U,N) be a fuzzy normed space and A and B be nonempty subsets of U. Suppose
that the mapping T : A ∪B → A ∪B satisfying T (A) ⊆ B, T (B) ⊆ A is a P-weak contraction with
α1 + L < 1, and ϵ > 0. Then for some α ∈ (0, 1) :

diam(F z
ϵ (A,B)) ≤ (L+ 2)ϵ+ L ∧ {t > 0 : N(A−B, t) ≥ α}

1− α1 − L
.

Proof: Let ϵ > 0. We will only verify that condition 2) in Lemma 3.2 holds.

Let θ > 0 and x, y ∈ F z
ϵ (A,B)) and assume that

∧{t > 0 : N(u− v, t) ≥ α} − ∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ θ.

Then

∧{t > 0 : N(u− v, t) ≥ α} ≤ ∧{t > 0 : N(Tu− Tv, t) ≥ α}+ θ

≤ α1 ∧ {t > 0 : N(u− v, t) ≥ α}
+ L ∧ {t > 0 : N(v − Tu, t) ≥ α}+ θ

≤ α1 ∧ {t > 0 : N(u− v, t) ≥ α}
+ L ∧ {t > 0 : N(u− v, t) ≥ α}
+ L ∧ {t > 0 : N(u− Tu, t) ≥ α}+ θ

≤ (α1 + L) ∧ {t > 0 : N(u− v, t) ≥ α}
+ L(∧{t > 0 : N(A−B, t) ≥ α}+ ϵ) + θ.

Therfore

∧{t > 0 : N(u− v, t) ≥ α} ≤ L(∧{t > 0 : N(A−B, t) ≥ α}+ ϵ) + θ

1− α1 − L
.

So for every θ > 0 there exists ϕ(θ) = L(∧{t>0:N(A−B,t)≥α}+ϵ)+θ
1−α1−L

> 0 such that

∧{t > 0 : N(u− v, t) ≥ α} − ∧{t > 0 : N(Tu− Tv, t) ≥ α} ≤ θ.
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⇒ ∧{t > 0 : N(u− v, t) ≥ α} ≤ ϕ(θ).

Now by Lemma 3.2, it follows that

diam(F z
ϵ (A,B)) ≤ ϕ(2ϵ),∀ϵ > 0,

which means exactly that

diam(F z
ϵ (A,B)) ≤ (L+ 2)ϵ+ L ∧ {t > 0 : N(A−B, t) ≥ α}

1− α1 − L
,∀ϵ > 0. �

5 Conclusions

Nowadays, fixed point theory play an important role in different areas of mathematics and its
applications, particularly in physics, differential equation and dynamic programming. We think
that this paper could be of interest to the researchers working in the field fuzzy functional analysis
in particular, fuzzy approximate best proximity pair theory are used. We proved results about
approximate best proximity pair and diameter approximate best proximity pair on fuzzy normed
spaces, starting from a result presented in [12], but the study may go further to other classes of
operators, which will be the subject of future papers.
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