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Abstract

This work illustrates the application of the “Second Order Comprehensive
Adjoint Sensitivity Analysis Methodology” (2"-CASAM) to a mathematical
model that can simulate the evolution and/or transmission of particles in a
heterogeneous medium. The model response is the value of the model’s state
function (particle concentration or particle flux) at a point in phase-space,
which would simulate a pointwise measurement of the respective state func-
tion. This paradigm model admits exact closed-form expressions for all of the
1*- and 2"-order response sensitivities to the model’s uncertain parameters
and domain boundaries. These closed-form expressions can be used to verify
the numerical results of production and/or commercial software, e.g., particle
transport codes. Furthermore, this paradigm model comprises many uncer-
tain parameters which have relative sensitivities of identical magnitudes.
Therefore, this paradigm model could serve as a stringent benchmark for in-
ter-comparing the performances of all deterministic and statistical sensitivity
analysis methods, including the 2*4-CASAM.

Keywords

Second-Order Adjoint Comprehensive Sensitivity Analysis Methodology
(2"-CASAM), Evolution Benchmark Model, Exact and Efficient
Computation of First- and Second-Order Response Sensitivities

1. Introduction

The application of the general second-order adjoint sensitivity analysis metho-
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dology presented in [1] is illustrated in this work by means of a simple mathe-
matical model which expresses a conservation law of the model’s state function.
This paradigm model is representative of transmission of particles and/or radia-
tion through materials [2] [3], chemical kinetics processes [4] [5], radioactive
decay modeled by the Bateman equation, etc.

Although the model is simple, it comprises a large number of model parame-
ters, thereby involving a correspondingly large number of sensitivities (Z.e., func-
tional derivatives) of the model’s responses to the model parameters. Further-
more, the model has been deliberately designed so that a large number of relative
response sensitivities display identical values. The fact that the model has a large
number of parameters and the fact that all but a few relative sensitivities have
identical values would make it very difficult, if not impossible, to use statistical
methods to compute the first- and second-order sensitivities of the responses to
all of the parameters of this model, since the computational costs would be pro-
hibitive. Of course, statistical methods would not be able to compute the exact
values of these first- and second-order sensitivities. For such models, involving
many parameters but relatively few responses, the Second-Order Comprehensive
Adjoint Sensitivity Analysis Methodology (2*4-CASAM) for Linear Systems,
presented in Part I [1], is best suited for computing exactly and efficiently the
first- and second-order response sensitivities.

This work is organized as follows: Section 2 presents the paradigm evolution
model. Section 3 presents the application of the 2"-CASAM [1] for efficiently
computing the exact closed-form expressions of the first-and second-order sen-
sitivities of a “point-type” response to both model and boundary parameters.
The concluding remarks offered in Section 4 highlight the comprehensive veri-
fication mechanism which is inherently built into the 2°¢-CASAM [1] to ensure
that the second-level adjoint functions are derived and computed correctly. All
in all, the exact expressions of the 1%~ and 2"-order sensitivities presented in this
work provide stringent benchmarks for the verification of the accuracies of any
other methods, deterministic and/or statistical, for performing sensitivity analy-

sis.

2. Mathematical Modeling of a Paradigm
Evolution/Transmission Benchmark Problem

The general 2™-CASAM methodology presented in [1] is applied in this work to
a simple paradigm model, admitting a closed-form analytic solution for conve-
nient verification of all results to be obtained, which simulates a typical evolu-
tion or attenuation of a quantity that will be denoted as p(t), satisfying the

following linear conservation equation:

P04 p1)3 00, =0, 05p,<t<p, <0 0
p(ﬂ(‘):pin’ att=p,. @

The simple evolution system represented by Equations (1) and (2) occurs in
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the mathematical modeling of many physical systems. t=t;, 0< g, <t; < <.
For example, the dependent variable p(t) could represent [2] [3] the evolution
of the concentration of a substance in a homogeneous mixture of N materials,
from an imprecisely known initial quantity, denoted as p;, , measured at an ini-
tial-time value t=/, towards an imprecisely known final-time value t=f,.
The quantities N, and o; would represent various imprecisely known materi-
al (e.g., chemical) properties of the /*-material (i=1---,N).

Alternatively, p(t) could represent [3] [4] [5] the mono-directional propa-
gation (attenuation) of the flux of uncollided particles (e.g., photons) travelling
through a one-dimensional homogenized multi-material slab of imprecisely
known thickness (4, —,) in a direction parallel to the #-coordinate. The con-
dition given in Equation (2) would prescribe a beam of particles of imprecisely
known intensity p;, incident on the slab’s surface located at the an imprecisely
known position t=/f,. Each of the slab’s -materials (i =1, N) would be
characterized by an imprecisely known microscopic cross section o; and an
imprecisely known atomic number density n; . Since this work will deliberately
focus on illustrating the computation of the response sensitivities to imprecisely
known boundaries of a physical system, the possible imprecisely known sources
that could appear on the right-side of Equation (1) are not considered, since
their inclusion would just complicate the mathematical derivations without
bringing any new mathematical or physical insights.

A typical response of interest for the physical problem modeled by Equations
(1) and (2) would be a measurement, denoted as p(ty), of p(t) atsome time
instance (or location within the slab or on the slab’s surface) t=t;,
0<f,<t,; <, <. The following functional, denoted as R (p;a,B), can

represent mathematically such a measurement:
By
R(pia.B)2 [ p(t)s(t—t,)dt, 3)
By

where &(t—ty) denotes the well-known Dirac-delta (impulse) functional. In
Equation (3), the vector a denotes the “vector of model parameters” and de-

fined as follows:
A ta T
a=(a1,~~-,aNa) =(n11"'1nN 10-11"'10-[\] ,pin,td) . (4)
Similarly, the vector B denotes the “vector of boundary parameters” and is

defined as follows:
A T
ﬂ = (ﬂ/ ' ﬂu ) . (5)

In Equation (4) and throughout this work, the symbol “= ” is used to denote
“is defined as” or “is by definition,” while the “dagger” (1) superscript is used
to denote “transposition.”

Although the model parameters p,,, N, o;, t;, X, together with the

boundary parameters 5, and f, are considered to be imperfectly known and
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subject to uncertainties, the actual probability distributions of these parameters
are not known in practice. Usually, only the “nominal” (or “mean”) values and
the respective variations from the nominal values (e.g., standard deviations) of
the respective components are known. The nominal values will be denoted using
the superscript “zero” so that the vector comprising the nominal values of the
model parameters, denoted as @, will be defined for the system under consid-

eration as follows:

t t
0 A 0 0 A 0 0 0 0 0 40
a =(al’...7aNa) =(n17“"nN’017.“’6N £ td) (6)

' Mino

Similarly, the vector comprising the nominal values of the boundary parame-
ters is denoted as B° and is defined for the system under consideration as fol-

lows:
B 2(R.5) . ?)

Altogether, the physical system modeled by Equations (1) through (7) com-
prises 2 boundary parameters and N, =2N +2 model parameters, which can
be a large number for realistic problems. For example, the spent fuel dissolver
model analyzed by Cacuci et al. (2016), which involves equations similar to Equ-
ation (1), comprises N, =1292 parameters.

For subsequent verification of the expressions that will be obtained for various
response sensitivities, the closed-form solution of Equations (1) and (2) is pro-
vided below, in Equation (8):

p(t)=p, exp{(ﬁ( —t)iniai}. ®)

i=1

In practice, the nominal solution, denoted as p°(t), is computed by solving
numerically Equations (1) and (2) using the nominal values for the model and
boundary parameters. For this illustrative example, the nominal solution of Eq-

uations (1) and (2) has the following expression:
N
P (t)=p exp{(ﬂ? —t)Zn?aP}- 9)
=

Using Equation (9) in Equation (3) yields the following expression for the re-

sponse R, (p;a, B), which is to be evaluated at the nominal values
Q0 é(po;ao,ﬂo):

N
Rl(p;a!ﬂ)z{pin exp{(ﬂ[ _td)znio-i }} . (10)
=1 (Pin:m%vﬂf:ﬁ?vtd =§.n=n’ o :Gio)

Of course, the closed-form analytical expression for the problem’s dependent
variable(s), as provided in Equation (8), and the closed-form expression for the
response R, (p;a, B), as given in Equation (10), will not be available for the
large-scale systems encountered in practice. Therefore, the sensitivities (Ze,
functional derivatives) of the responses to the model and boundary parameters

can only be determined numerically.
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3. Application of the 2nd-CASAM for Computing Exactly and
Efficiently the 1st- and 2md-Order Response Sensitivities of
a “Point Detector” Response to Uncertain Model and
Boundary Parameters

The variations between the true and the nominal values of the model and boun-
dary parameters will be considered to constitute the components of the vectors

oa and S8, respectively, defined as follows:
5aé(5a1,---,5aNa), da, 2 e, —a, (11)

BE(P.B,) . B2~ 2P B (12)

Since the state function is related to the model and boundary parameters o
and B through Equations (1) and (2), it follows that the variations and 58
in the model and boundary parameters will cause a corresponding variation in
the state function p(t) around the nominal solution P’ (t) In turn, these
variations will cause variations in the responses R, (p;a, ) around the respec-
tive nominal response values. For subsequent derivations, it is convenient to use

the compact notation e2(p;a,f), with the corresponding nominal values
denoted as e’ 2 (po;ao,ﬂo) .

3.1. Computing the 1s-Order Sensitivities R,(p;a,B) Using the
1st-LASS

The total first-order sensitivity of the response R, (p;e, 8)=R,(e) defined in
Equation (3) is provided [6] by the 1%-order total sensitivity (G-differential)
5R1(e°;5p;5a,5ﬂ) evaluated at €° é(,Do;ao,ﬂo), which is computed by ap-
plying the definition of the first-order G-differential to Equation (3), to obtain

the following expression:

SR, (€% p; 0a, B

{ﬁST% [p‘) (t)+55p(t)]5(t —t9 - &6t )dt} (13)

BL+eop; (e:eo,s:O)

2 d
de
ind dir
=(6R)" +(oR) ",
where the indirect-effect term (5 Ri)ind and, respectively, the direct-effect term
(6 Rl)dIr are defined as

A
(5R)™ 2 [ ap(t)5(t—13)at, (14)
B
(5R)" £ (o1, ):I;#’ (t)o"(t-13)dt = (st ){%(t)}t_tg (15)

The variation &p(t), of the state function p(t), which appears in Equation
(14) is the solution of the following First-Level Forward Sensitivity System
(1%-LFSS) obtained by G-differentiating Equations (1) and (2) around the no-

minal parameter values:
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dt ) i-1 (16)
=—p"(t)Y (oo, + oPsn; ), 0< B <t < ) <oo,
i=1
5p(ﬂ?)+5ﬂ¢{—dzgt)} =dpy, att=p;. (17)
=47

Since the closed-form solution represented by Equation (9) is not available
in practice, the direct effect term, (& Rl)dir, defined by Equation (15) can be
computed by differentiating (numerically, in practice) the solution of Equa-
tions (1) and (2). Also, in practice, the sensitivities included in the indirect ef-
fect, (& Rl)ind , defined by Equation (14) could be computed only by successively
setting all but one of the parameter variations (dJp,,,d0;,6n;,,38,,58,,5t,) to
zero in the 1*-LFSS [comprising Equations (16) and (17)] and solving numeri-
cally the corresponding forms of the resulting 1*-LFSS. Thus, using the 1*-LFSS
to compute the sensitivities of the response R, (p;a,8) would require 2N +4
large-scale computations.

The need for performing these 2N +4 large-scale computations can be
avoided by applying the 2"-CASAM presented in Part I (Cacuci, 2020). In order
to apply the 2"-CASAM, the function &p(t) is considered to be an element of
a Hilbert space H (1)(Qt)’Qt é(ﬁ? , ,BL?), endowed with the following inner
product, denoted as < (1), p, (t)> , between two (square-integrable) functions
p(t)eH P() and p,(t)eH P():

(20.2.0)2 ] a0 (19)

B

The construction of the requisite First-Level Adjoint Sensitivity System
(1*-LASS) commences by multiplying Equation (16) by a square-integrable
function l//(l) (t) eH (Qt) and integrating the left-side of the resulting equa-
tion by parts once, so as to transfer the differential operation from &p(t) onto

l//(l) (t). This sequence of steps yields the following relation:

ﬁjuow(l) (t){w+5p(t)ﬁ£nf’0§]dt

B @ N
= J5p(t)[_dl//dt (1) +yW (t)znioo_io]dt (19)
5 =

D (8)op(8) -y (B?)op(B)-

The following sequence of operations is performed next using Equation (19):

1) Require that the first term on the right-side of Equation (19) be identical
with the indirect effect (SR, )ind defined in Equation (14).

2) Use the right-side of Equation (16) to replace the term multiplying 1" (t)
on the left-side of Equation (19).
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3) Eliminate the unknown quantity 5p( B ) on the right-side of Equation
(19) by imposing the condition l//(l) ( B ) =0.

4) Insert the boundary condition provided in Equation (17) into Equation
(19).

The result of the above sequence of operations is the following expression for

(5R)"™:

(OR) =S (sti, +otan ) | () (0

o (g0 ){5/)." B, { d?)}t 50 }

where the first-level adjoint function l,z/(l) (t) appearing in Equation (20) is the
solution of the following First-Level Adjoint Sensitivity System (1%-LASS):

®
d!//dt() ()Z” - ( ) 0<p<t<pl<w, (21

v (87)=0 (22)
In terms of the first-level adjoint function l//(l) (t), the partial sensitivities of

R (p;a,B) with respect to the variations in the model parameters are the
quantities in Equation (20) that multiply the respective parameter variations,

namely:
B
[@J — ! [y ()0 (D), i=1N, (23)
007 J¢o B
0
R, of 0 (1) 0 i
R £)2° (t)dt, i=1---N. 24
R AU 20

R p
{ap L—w (), (25)

in

(2_210 =0 ){dig )}t o (26)

Recalling the expression of the direct effect term, (SR, )dir , defined in Equa-
tion (15), yields the following additional first-order sensitivity:

=—j p°(t)5" (117 )dt ={dpd—5t)}l_to (27)

Since neither the direct-effect nor the indirect-effect terms depend on the var-
iation 0f,, it follows that
R 28)
B,
It is evident from Equations (23) through (27) that the sensitivities of the re-
sponse R (p;a,B) canbe computed by fast quadrature methods applied to the
integrals appearing in these expressions, after the 1%-level adjoint function

l//(l) (t) has been obtained by solving once the 1-LASS, which comprises Equa-
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tions (21) and (22). Notably, the 1¥-LASS needs to be solved once only since the
I*-LASS does not depend on any variations in the model parameters or state
functions. Particularly important is the response sensitivity to the “initial condi-
tion” p,, since, as Equation (25) indicates, the value of the 1%-level adjoint
function l,z/(l) (t) at the “initial time-value” t=/’ is proportional to the re-
sponse sensitivity to the “initial condition”. Since the value of the 1*-level adjoint
function y/(l) (t) at t=4" can be obtained only after computing the entire
evolution of l//(l) (t), from the “final-time” t=4’ to the “initial-time” t=/’,
it becomes apparent that response sensitivities to initial conditions provide a
stringent verification procedure for assessing the accuracy of the solution of the
I*-LASS.

Solving the 1%-LASS, cf. Equations (21) and (22), yields the following expres-

sion for the 1%-level adjoint function l//(l) (t):
N
y (t)= [1— H(t-t )}exp{(t ~3)>n’o? } (29)
i=1

where H(t—ty) isthe customary Heaviside unit-step functional, defined as
1 t>t,;

Inserting the result from Equation (29) into Equations (23)-(26), respectively,
yields the following expressions:
0 N .
(B et oo (s -e) bt | i,
0 i=1

ani i=1

(jiJ -exp| (2 -12) S 0ot | 3

in i=1
(2] sttt e (42 -0) Bt | G4
6,8/ 0 i=1 i=1
@
atd

R [C0) L ] YRR

~o8 (St o] (22 - ) oot | (3)

The magnitudes of the 1*-order relative sensitivities provide a quantitative
measure for ranking the importance of the respective parameters in affecting the
response (e.g., the importance of the respective parameter’s uncertainty in con-
tributing to the overall uncertainty in the response). For the paradigm illustra-
tive evolution problem considered in this work, Equations (23) and (24) indicate
the important fact that the relative sensitivities of the response to the parameters
0i» (0R,/00;)(0i/R,), and the relative sensitivities of the response to the pa-
rameters Ny, (R /on,)(n;/R,), respectively, happen to be identical, for all of
these 2 N model parameters, since

R _on’ir o ORI g
| ;9[ v (Op() dt =R =1 (36)
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Therefore, statistical methods that use a priori screening techniques to reduce
the number of model parameters that are actually considered in the respective
statistical uncertainty/sensitivity analysis will very likely fail to achieve their goal
for problems that have many parameters with identical relative sensitivities, as is
the case shown in Equation (36). Hence, this illustrative paradigm problem,
which has many model parameters that have identical relative sensitivities,
would be a prime candidate for testing the various statistical methods for sensi-
tivity and uncertainty analysis. In contrast, a single large-scale computation for
obtaining the adjoint function l//(l) (t) suffices for computing exactly and effi-
ciently, using just quadrature methods, the 2N +4 sensitivities of the response
R (p;a,B) with respect to all model and boundary parameters.

In the particular case when the response R, (p;a,f) is located at t; =4, ,
the expressions of the response sensitivities provided in Equations (31)-(35) re-
main valid, with the stipulation that t, =/, .

The results for the 1*-order response sensitivities obtained in Section 2.1 can
also be verified by noting that the solution of the 1¥-LFSS, comprising Equations
(16) and (17), has the following expression:

30(0)= {2 (0 50007 0, 03 (4 1) (10, + oo, )

N
=1

(37)

xexp[(ﬁ;_t) n.oaf] 0< 0 <t<f <

N
=1
3.2. Computing the 2rd-Order Sensitivities of the Response
R (p;a. B) Using Second-Level Adjoint Sensitivity Systems
(2nd-LASS)

The starting point for obtaining expressions of the 2"-order response sensitivi-
ties is provided by the G-differentials of the expressions shown in Equations
(23)-(27). To keep the notation as simple as possible, the superscript “zero” will
henceforth be omitted (except where stringently needed) when denoting “no-
minal values,” since it will be clear from the derivations to follow that all 1*- and

2m_order sensitivities are to be evaluated at the nominal values of parameters.

3.2.1. Results for the 2nd-Order Response Sensitivities Corresponding to
R, (p;a,p)/00;,i=1,--,N

The first-order G-differential of Equation (23) yields:

(=)

é—di{(ni +aon,)

B +e8,

g

[ (1) + 280 (1) | Lo (1) + 20p(1)] dt} (38)

ﬁ? +&By (e:eo,e:O)

el e,
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where

wieses [{2]] |

(39)
i
2-(on) [ v (t) p(t)dt+(38, e (B) p(57),
B
fori=1---,N: {l:ﬁ[@ﬂ }
ao_‘ indir J g0
) (40)

£ {—niﬁf&//(” (t)p(t)dt - niﬂfgt//(” (t)5p(t)dt}

0
Bi eo

The direct-effect term defined by Equation (39) can be computed immediate-
ly, since the adjoint function l//(l) (t) and the forward function p(t) are
known. However, the indirect-effect term defined by Equation (40) contains the
variation 51//(1) (t) in the adjoint function and, respectively, the variation
dp(t) in the forward function, both of which depend on parameter variations
and neither of which is immediately available. The variation 51//(1) (t) of the
1*-level adjoint function l//(l) (t) is related to the parameter variations through
the G-differential of the 1%-LASS, which is derived by applying the definition of
the G-differential to Equations (21) and (22). Thus, taking the G-differential of
the 1*-LASS, cf. Equations (21) and (22), yields the following equations eva-
luated at the nominal parameter values:

d[ow® ()]

N
—T+5y/(l) (1) no; =—(5t,) 5" (t-t,)
i=1

(41)
—q/(l)(t)i(ni&’i +0,6n;), 0<p) <t<p) <o,
i=1
®
{5w(1>(t)+(5ﬂu)d"’d—t(t)} =y (Al)=0. 12
t=40

Taken together, Equations (16), (17), (41), and (42) constitute a well-posed
system of equations which could, in principle, be solved to obtain the variations
Sy (t) and &p(t) in terms of the parameter variations. However, such a pro-
cedure would be just as impractical computationally as solving the 1%-LESS.
Therefore, the need for solving these equations (which depend on parameter vari-
ations) will be circumvented by expressing the indirect-effect term defined in Equ-
ation (40) in an alternative way so as to eliminate the appearance of 5t//(1) (t) and
dp(t) . For this purpose, we introduce another Hilbert space, denoted as
H® (Q).9 2 ( BB ) , which comprises, as elements, two-component vectors

of the form !//i(z) (t)é|:‘//i(12)(t),l//i(22) (t)} , with square-integrable functions

l//i(jz) (t), i =12. The inner product between two elements

'//i(z) (t)é|:l//i(12) (t)"//i(zz) (I)JEH (2)(Qt) and
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¢i(2) (t)é[(ﬂi(f) (t),(oi(zz) (t)]e H (2)(Qt) in the Hilbert space H (2)(Qt) will be

denoted as <l//i(2) (1), ¢i(2) (t)>2 and is defined as follows:

(0.0 1), 23 12 (ef? ()0t )

d N
_= . 0
. izzl:n.on (5‘//(1) t)]
o

d N
0 E+§n” ap(t)
. (44)
(6)3'(1=1,) v ()3 (107, +0n)
(13 (ndo, +5.0m) |

and using the definition given in Equation (43), we now construct the inner
product of Equation (44) with a square integrable two-component function
p? ()2 [1//1(12) (), v (I)J eH® (€,) to obtain the following relation:

d N
0 —— 0
A 2 2 dt+|—1n6 o @ t
e o] * * 1 Wla
Vi 0 E+Zn_o-_ 5p(t)
dt ~ i~
. (45)

P —(6t,)5"(t—t, ) v ()Y (na, +oi6n;)
SIZAORZA0) ) dt.

Vi —p(t)Z(nié'O'i +0'i5ni)

i=1

Integrating by parts the left-side of Equation (45) so as to transfer the diffe-
rential operations on §w(l) (t) and Jp(t) to differential operations on 1//1(12) (t)
and '/’1(22 ) (t) yields the following relation:

B d
Jw;mt)[—aaw 0+ v ()0 o
B
d N
+ j l//lz {d op(t )+§p(t)2ni0'i}dt
i1
==y (B )ow® (B)+wid (8 )ow™ (B )+ w3 (B )an(B))  (46)

(2)

—l//l(zz)(ﬁ?)5p(ﬁ?)+f5w(”( {dwgt(t) ff)(t)inio-i}dt
B =1

£ dup? N
v, (t
v 5p(t)[—$()+wf? <t>;niai}dt.

Vi
The last two terms on the right-side of Equation (46) will represent the indi-
rect-effect term defined in Equation (40) by requiring that
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N
Wl 03

dt i1

~-nolt)=n, 005,030 |

(47)

v (¢ )+l//12 (t )Z”O‘

dt

=-nyp® (t)=-n[1-H(t-t, )]exp{(t -1, )i”ﬂi }

i=1

(48)

The boundary conditions for Equations (47) and (48) are established by re-
quiring that the contributions involving the unknown quantities 51//(1)( B )
and 5,0( B ) in Equation (46) vanish, which can be accomplished by imposing

the following conditions:
v (87)=0, i (B7)=0. (49)

The system of equations comprising Equations (47)-(49) constitutes the
2"d.Level Adjoint Sensitivity System (2°4-LASS) for the two-component vec-
tor-valued function l//l(z) (t)é [l//l(l)( ) l//l(z (t )J eH ¢ )(Qt), which is called the
28.Jevel adjoint function. It is important to note that the 27-LASS is indepen-
dent of parameter variations.

Replacing the left-side of Equation (46) by the right-side of Equation (45) and
taking into account Equations (47)-(49) yields the following expression for the
indirect-effect term defined in Equation (40):

fori=1---,N: {6[@ﬂ
oo indir

p (84,)5 (t-t, ) -y (1) (ndo, + o)
_[[‘//11 V/lz ):| N = dt (50)
i —p(t)Z(niéb'i +O'i5ni)

D (8w (80)+vi) (8)an(87),

Using the conditions given in Equations (17) and (42) in the last terms on the

right side of Equation (50) yields the following expression for the indirect-effect

fori=21---,N: {6[@H
oo, )| .
indir
N

I[ 0wl? (0] (6018 (t1,) v (1)1, + o0m,) e
_ 1 12 ) — e
4 v ’// —p(t)Z(niéb'i +O-i5ni)

i=1

) ﬁ/){épm 5/3{(1/;?)1 ﬂp}'
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Adding the direct-effect term defined in Equation (39) to Equation (51) and
identifying in the resulting expression the coefficients multiplying the variations
ooc;, on, op,, oty, 0B, and Jf, vyields the following expression for the
respective 2"-order sensitivities of the response R, (p;a,f8):

R Ao B
— )y (t)dt—n, t)p(t)dt; i,j=1---,N; (52
00,00, n’ﬁjp%l (O ) nJﬁI?'/’ﬂ (t)p(t)dt; i, ] (52)

aZR /}l? ) 1 ﬁl? 2
L~ o, [yl (O (t)dt-a, | vl (1) p(t)dt

ﬁf ) (53)
_5-ﬂfuv/<1>(t)p(t)dt. LN 5 L s
|J/3? Y T NG O O’ . J’
o? .
@pingio.i =y2(B,); 1=1--N; o
O°R, i (2 dl//l(lz) (t) |
— 1 —_ o' (t—t,)=| 2o N )
atdﬁo'i [;[)l//ll ( ) ( d) it . i ( )
2
0,00,
’R, M ) ap(t) |
B o T dr ci=1---,N. 57
0,00 v (ﬂ/)p(ﬁ() Vi, (ﬂf) dt -0 (57)

The 2™-order sensitivities shown in Equations (52)-(57) can be computed af-
ter having determined the 2"-level adjoint function !//1(2) (t) 2 |:l//1(12) (t), 1(22) (t)}
by solving the 2"-LASS comprising Equations (47)-(49) using the nominal pa-
rameter values (the superscript “zero,” which indicates “nominal values,” has
been omitted, for simplicity). Since the model parameters N, depend on the
index i=1,---,N, it follows that the right-sides of Equations (47) and (48) also
depend on this index. Strictly speaking, therefore, the 2"-level adjoint sensitivity
function l//l(z) (t) é[(//1(12) (t), 1(22) (t)} is a function of the index i=1,---,N.
Hence, in the most unfavorable situation, the 2"4-LASS, comprising Equations
(47)-(49) would need to be solved numerically for each distinct value n,, for a
total of N-times. Even in such a “worse-case scenario,” however, only the right
sides (Ze., “sources”) of Equations (47) and (48) would need to be modified,
which is relatively easy to implement computationally. The left-sides of these
equations remain unchanged, since they are independent of the index i=1,---,N .

In many practical situations, however, it is possible to reduce drastically the
number of computations involving the 2"-LASS by changing the dependent
and/or the independent variables. For example, in the case of the 2"4-LASS com-
prising Equations (47)-(49), the following simple change of the dependent va-
riables l//l(lz) (t) and l//l(zz) (t):

vi () =gl (1), wi (1) =ngid (t), (58)

would transform Equations (47)-(49) into the following form:
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(2) N

d¢1(;t_(t)+¢l(lz) (t)ZniO'i :—p(t), (59)
(2) N

dgolcZit (t) N (/’1(22) (t)znio'i _ —l//(l) (t) , (60)
ol (8)=0. o' (8.)=0 oy

The above (alternative) 2™4-LASS, comprising Equations (59)-(61) is indepen-
dent of the index i=1,---,N, and would need to be solved (numerically or ana-

Iytically) only once, to obtain the following expressions for the functions
o' (t) and ¢ (1):

o (V)= 0 (8, —t)exp{( —t)Zn. } (62)
ol (1) =(t—t,)[1-H (t-t, )}exp{(t ~t, )inio—i } (63)

i=1

(2)

The components of the 2"-level adjoint function ¥, (t) can now be ob-
tained by multiplying the functions qol(lz) (t) and (pl(zz) (t) by the respective
model parameters N, , as indicated in Equation (58), to obtain the following ex-

pressions for the components of the 2"-level adjoint function

vl (02w (0.0 ()]:
i () =np, (5 —t)exp{( —t)Zn. } (64)

w2 ()= (1, )[1- H (tt, )]exp{(t—td )izrjl:nio]}. (65)

Using Equations (64) and (65) in Equations (52)-(57) and performing the re-
spective operations yields the following results for the respective partial

2"_order sensitivities:

o'R, = panin (B, 1) exp[( )Zn,a,}, iLj=1---N; (66)

00,00,
82R1
B PnlB —
on;oo; [ ( ) J ( ) o
xexp[(ﬁg—td)iniq} j=1--N;
aZRl = -_ cee -
apinao_i—ni(ﬂ( )exp{( )anal:l, i=1---,N; (68)
°R, ) o
0, p[ % )Z“ }exp[( t)Zn. } =1 N; (69)
ﬂ=0; i=1---,N; (70)
0p,00;
o°R,

poo = Oin [1+( ,—t )Zn.a.}exp{( )Zn, .} i=1--N. (71)
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As before, the right-sides of expressions shown in Equations (66)-(71) are to
be evaluated at the nominal values for the parameters, but the superscript “zero,”

which indicates “nominal values,” has been omitted, for notational simplicity.
3.2.2. Results for the 2nd-Order Response Sensitivities Corresponding to
oR, (pia,B)/on; i=1,++ N

Computing the first-order G-differential of Equation (24), at the nominal para-
meter values, yields:

{5[2%}} é_d%{(ai +£50, )ﬂ&f&ﬁ” [ (1) + 20w (1)]

BP+e6p;

Lo+ et

AGLL AR

where the direct-effect and indirect-effect terms, respectively, are evaluated at

(72)

the nominal parameter values and are defined as follows:

{H?)H é—(aa»jjw‘” (o (t)c »

+(08,)ow™ (B2)p(B7), fori=1-N;

{[5[ . Hmﬂr}eo 2 {_aijj&,/@ (t) p(t)dt} O

Vit
_{Gij'/’(l)(t)@(t)dt} , fori=1---,N.
B 0

o))
s

o))

(74)

The direct-effect term defined in Equation (73) can be computed immediately,
since the adjoint function l//(l) (t) and the forward function p(t) are known.
On the other hand, the indirect-effect term defined by Equation (74) contains
the variation 5!//(1) (t) in the adjoint function and, respectively, the variation
dp(t) in the forward function, both of which depend on parameter variations
and neither of which is immediately available. Comparing Equation (74) to Equ-
ation (40) readily indicates that the right sides of these equations differ only in
that the model parameter o; plays in Equation (74) the same role as the model
parameter N; plays in Equation (40). Thus, the same procedure that has been
previously used in Section 2.2.1 to obtain an alternative expression for the indi-
rect-effect term defined in Equation (40) by means of a second-level adjoint
function is applied to Equation (74) to obtain the following result:

1N s| R —y@(p0 o [de(t)
fori=1--- N: I:g(ani Jlndi, =WV (:Bf ){épin 5@{ at el

A _(&d )5'(t_td)_‘//(l) (t) »N (nié'ai +o'i5ni) (75)
IZACNZ0] o i
g —p(t)2.(ndo, +i0n,)
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where the 2"-level adjoint function y/gz) (t)é[l//g) (t),l//g) (t)] satisfies the
following 2™4-LASS:

(2)
dl//;—lt(t)"“//g) (t)iniai =—0,Pp eXp{(ﬁ( _t)iniai} (76)
i=1 i=1
d (2) t N N
_%()erg)(t);npi:—ai[l—H(t—td)lexp{(t—td)izl:niq} (77)
v (B,)=0, v (8,)=0. (78)

The sources on the right-sides of the 2"-LASS defined by Equations (76)-(78)
are to be evaluated at the nominal values for the parameters, but the superscript
“zero,” which indicates “nominal values,” has been omitted, for notational sim-
plicity.

Comparing Equations (76)-(78) to Equations (47)-(49) and recalling Equa-
tions (59)-(61) indicates that the components of the 2"-level adjoint function
l/lgz) (t) = |:l//£i) (t) , l//g) (t)} have the following expressions:

V/gi) (t) = O-i(/)l(IZ) (t) = 0P (ﬂz —t)exp{(ﬁ[ _t)ZN:niO'i:| (79)

v () =00 (t) =0, (t-t,)[1-H (-1, )]exp{(t —t, )izi}niai } (80)

Adding the direct-effect term defined in Equation (73) to the expression for
the indirect-effect term shown in Equation (75) and identifying in the resulting
expression the coefficients multiplying the variations Jdo;, on,, op,,, Oty,
0p, and Jf, yields the following expression for the respective 2"-order sensi-

tivities of the response R, (p;a, B):

"R, A B 2
=N _[)Wn (t)'// (t)dt_nj J“/’zz (t)p(t)dt
B

Oo;on,
J , B -
A
& [ v (1) p(t)dt; i, j=1-N;
B

ale ﬂl? ) . ﬂL? ) o
—o; [y (" (t)dt—o; [ v (1) p(t)dt; i, j=1...N; (82)

s 4
a:gini —y@(B); i=1-N; (83)
;:aer]i =—:iw§f)(t)5'(t—td)={%1ttd =1 N; (84)
e o) R )| MG e o
S o) v p) 0| it e
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Inserting the expressions obtained in Equations (79) and (80) for the compo-
nents of the 2"-level adjoint function w\’ (t)é[l//gi) (t),l//g) (t)] into Equa-
tions (81)-(86) yields the following expressions, where all quantities are to be
evaluated at the nominal parameter values €° = ( p’a’, B 0) :

O°R,
oo ;0on,

:[njo'i (B _td)"'&ij]pi"(ﬂ/ )

xexp{( )Zna,}, i=1

(87)

! :pino_jo—i(ﬂ/z_td)ze)(p[( —t )an .}-' J=10N; (88)

on;on,

%:q(ﬂg—td)exp{( p-t)3n ,},i:,---,N; (89)
az_Riz_p, o [1+(ﬂ —t )in.g}exp{( B, -t )Zn } i=1---,N; (90)
oty on; " Log | ’

82R1 =0 i=1--N; (91)
ap,on,
az_Rizp_ {1+( )an}exp{( )Zna} i=1---,N (92)
Oﬂ,ﬁni inCi e '

3.2.3. Results for the 2nd-Order Response Sensitivities Corresponding to
R, (p;e. B)/op,

The 2™-order response sensitivities corresponding to R, (p;a, B) / Op,, will be

calculated in this Section by taking the G-differential of Equation (25). Since the

model responses need to be written in the form of an inner product in order to

apply the adjoint sensitivity analysis methodology, Equation (25) is re-written in

/ju
(@J 0 (8)= [y (O5(- 4ot ©3
B

apin

the following form:

Taking the G-differential of Equation (93) yields

( R, j a4 {ﬂé’f&ﬂu [ (t)+ 20w™ (1) ]5(t- 7 - 08, )dt}

Pin Bl +edpy

LR

{5[@]}(” 2 (s, ):ji W ()5 (t- 5ot (95)

0P,

R It
{5[ L ]} 2 [ oy (t)s(t-pP)dt. (96)
Pin ) ) inie B
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The direct-effect defined in Equation (95) can be computed immediately,
since the adjoint function l//(l) (t) is known. Noteworthy, the indirect-effect
term defined in Equation (96) only contains the variation oy (t) in the
1*-level adjoint function, but does not contain the variation &p(t) in the for-
ward function, as in Sections 2.2.1 and 2.2.2. Therefore, the 2"-level adjoint
function that would be needed to recast the indirect-effect term defined in Equa-
tion (96), by following the same general procedure as used in Sections 2.2.1 and
2.2.2, would be a one-component (as opposed to a “two-component” vector)
function. Thus, the 2"4-LASS needed to recast the indirect-effect term defined in
Equation (96) is constructed by following a procedure similar to the one that was
used in Section 2.1, by applying the definition provided in Equation (18) to con-
struct the inner product of a square-integrable function ! (t)eH ®(Q,)
with Equation (41) and integrating the left-side of the resulting equation by parts
once, 5o as to transfer the differential operation from &y (t) onto w7 ().

This sequence of steps yields the following relation:

I d \
vi (t){——&/(” (t)+p" ()Xo, }dt
B dt i=1

=y (B))ow® (B))+ vl (87)ow™ (57) (97)
i (2)
oy (t){—d vl (t)inio—idt.
2 E

The last term on the right-side of Equation (97) is now required to represent

the indirect-effect term defined in Equation (96). This is accomplished by re-

quiring that
dvw'? (t N
%d—lt()Jr(//g)(t)Zl:niai =5(t-0), (8)

The boundary condition for Equations (98) is established by requiring that the
contribution involving the unknown quantity &//(1) ( B ) in Equation (97) va-

nish, which can be accomplished by imposing the following condition:
i (8°)=0. (99)

As before, Equations (98) and (99), which comprise the 2™-LASS for the
2"-level adjoint function l//gf) (t), are to be solved at the nominal parameter
values.

Replacing the right-side of Equation (41) into the left-side of Equation (97)
and taking into account Equations (29), (42) and (99) yields the following ex-

pression for the indirect-effect term defined in Equation (96):

{5(‘&}}“" = —ﬁf yi? (t)[(ﬁtd )" (t—t,)+w (1)

ap in B2

S (ndo, +o;6n, )} dt. (100)

Adding the direct-effect term defined in Equation (95) to Equation (100) and
identifying in the resulting expression the coefficients multiplying the variations
ooy, on, op,,, oty, OB, and If, vyields the following expressions for the
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respective 2"-order sensitivities of the response R, (p;a, B):

ale Z—H»?}l//gi)(t)l//(l)(t)dt; j:]_,...,N; (101)
000p;, J/j?
R, K0 -
L) NP t t)dt; j=1---,N; 102
anjapin O-Jﬁ.!;’ylﬂ ( )V/ ( ) J e
aZR1 ﬂl? (2)
B S t)o'(t—t,)dt; 103
o,op, ﬁ_L‘//m ( ) ( d) (103)
R, O°R,
5,0inapin aﬂualoin
2 B @
R :_qu)(t)g(t_ﬁg)dt: dy (1) ; (105)
Bova L N

The closed-form solution of the 2"-LASS provided in Equations (98) and (99)
has the following expression:

V(1) =H(t- ﬁg)exp[(ﬁy —t)iniai} (106)

Replacing the result for the 2"-level adjoint function obtained in Equation
(106) into Equations (101)-(103) and carrying out the respective operations
yields the following expressions, which are to be evaluated at the nominal para-

meter values:

aijg;m =" (ﬂ"_td)exp[(ﬂ/_td)%:nio-i} j=1N; (107)
%:O—j(ﬁﬁ—td)exp[(ﬁ[—td)inioi}; j=1--N; (108)
@Zzﬁzn :_(%niqj‘”‘p{(ﬂ/ —td)ﬁl‘,nﬂi} (109)
ag;l)m :[g“i"ij“p{(ﬂf —td)%:“ﬂi} (110)

3.2.4. Results for the 2md-Order Response Sensitivities Corresponding to
oR,(p;a. B)/ot,

The 2™-order response sensitivities corresponding to &R, (p;a, B)/ot, will be

calculated in this Section by taking the G-differential of Equation (27), which

yields the following expression:

P d B+, . ' ,
5[%}=—${ I {[p +85p:|}5(t—td—85td)dt}

B +e b

M), VR

£=0 (111)

where
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{5[%j}dir =—(st, )ﬁjip(t)é”(t —tg )dt

) pi (112)
=(Sty) pi (iZN;niaij exp{(ﬂf —t, )ﬁl“niai},

and

{(S(gt—RlJ}ind" = —ﬂjuo p(t)s"(t—13)dt. (113)

d s

Noteworthy, the indirect-effect term defined in Equation (113) only contains
the variation &p(t) in the forward function but does not contain the variation
5{//(1) (t) in the 1*-level adjoint function. Therefore, the 2™-level adjoint func-
tion that would be needed to recast the indirect-effect term defined in Equation
(113) would be a one-component (as opposed to a two-component vector) func-
tion. Thus, the 2"4-LASS needed to recast the indirect-effect term defined in Eq-
uation (113) is constructed by following a procedure similar to the one that was
used in Section 2.1, by applying the definition provided in Equation (18) to con-
struct the inner product of a square-integrable function {2 (t)eH @(Q,)
with Equation (16)and integrating the left-side of the resulting equation by parts
once, so as to transfer the differential operation from 5p(t) onto the function
(//ﬁ) (t). This sequence of steps yields the following relation [which is analogous
to Equation (19)]:

= _[5 [ W‘”)( ) wid (t )Zn,aldt (114)

+w£1 (A )5p(ﬁu )-wid (B )0 (8°).

The following sequence of operations is now performed using Equation (114):

1) Require that the first term on the right-side of Equation (114) be identical
with the indirect effect (5 R, )in direct defined in Equation (113).

2) Use the right-side of Equation (16) to replace the term multiplying l//‘(é) (t)
on the left-side of Equation (114).

3) Eliminate the unknown quantity 5,0( ,Bf) on the right-side of Equation
£7)=0.

4) Insert the boundary condition provided in Equation (17) into Equation
(114).

The result of the above sequence of operations is the following expression for
the indirect-effect term defined in Equation (113):

{5[631}}”“ - —ZN:(niéb'i +0,0n, )ﬁjg i (1) p(t)dt

d =1 B

(114) by imposing the condition l//ﬁ) (

(115)
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where the first-level adjoint function l//‘(é) (t) appearing in Equation (115) is the
solution of the following First-Level Adjoint Sensitivity System (1*-LASS) eva-
luated at the nominal parameter values:

v (1),

" v (t )Z”" =-5'(t-13), 0< Bl <t<p3) <on, (116)

v (8)=0. (117)

The solution of Equations (116) and (117) is:

y/ﬁf)(t)=5(t—td)+[ﬁl“nio-ij[H(t—td)—1}exp{(t—td)ﬁl“niq}. (118)

In terms of the 2"-level adjoint function l//ﬁ) (t), the partial 2™-order re-

sponse sensitivities corresponding to R, (p;a, B) / ot, are obtained by adding
Equations (112) and (115), and subsequently identifying in the resulting expres-
sion the coefficients multiplying the variations oc;, on,, op,,, ot;, df, and

0p, . This sequence of operations yields the following expressions:

aZRl ﬁl? (2)
=-n, t)p(t)dt; j=1,---,N; 119
aO'jatd njﬂj;qllylll ( )p( ) J (119)
6ZR1 ﬁLcl) (2) L
——=—-0 t t)dt; i,j=1---,N; 120
anjatd O_Jﬁj;)‘ﬂm ( )p( ) 1) (120)
O°R, @) .
apinat “Va (ﬁ?)’ (121)

i=1

6;2 (i ) exp{ inioi} (122)
O°R,

=0; (123)

Pt
S S (8 ){ (t)} : (124)
d =47

op,ot dt

Replacing the result for the 2"-level adjoint function obtained in Equation
(118) into Equations (119)-(124) and carrying out the respective operations
yields the following expressions, which are to be evaluated at the nominal para-

meter values:

IR :_nipin[l+(ﬂl_td)nio-iz:'exp|: B, =1 )Zn. I}’ -~ N; (125)

oo t,
= 1 Ene |

xexp[( B, -t )in,a,},, =1---,N;

(126)

R (Zn,cr,jexp{( )ZnI ,}, (127)

0pin Ot 0
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R pm(zn Jzexp{( ,—td)iniai} (128)

6 i-1
Ry, (129)
aﬂua‘td
2 2
R, =—p (ZN:n.a.j exp[(ﬁ -t )ina}. (130)
opet, mlg =

3.2.5. Results for the 2nd-Order Response Sensitivities Corresponding to
OR, (p;a,ﬂ)/aﬂg

The 2™-order response sensitivities corresponding to &R, (p;a, ﬂ)/atd will be

calculated in this Section by taking the G-differential of Equation (26), which

first needs to be written in the form of an inner product in order to apply the

2d_CASAM, as follows:

Sl e o%ema o

aﬁ 0 B

Taking the G-differential of Equation (131) at the nominal parameter values

(the superscript “zero,” denoting nominal values, is again omitted) yields:
0
oR | d B+e58, ) m7d .
5(?@} - _E{ﬂ%{% ['/’ +&dy JE[P +e0p] S (t- B — &5, )dt
i d
p(t
:(5ﬂ;)f{w<l)(t) di )} (t-B7 )dt+(5ﬁ(){ ()_)} (132)
B ;

0
A 5090 wd(9p) 0

5 S5 (t- g0t
/ﬂ v vt =g 8(t- A7)

=0

Using Equations (29) and (8) in the first term on the right-side of Equation
(132) yields the following result:

ﬂ,},m (t)d/;—it)}y(t -ﬂf)dt =0. (133)
B

It is convenient to replace the quantity d(dp) / dt , which appears in the last
term on the right-side of Equation (132), by using Equation (16) which, together
with the result obtained in Equation (133) makes it possible to express the rela-

tion in Equation (132) in the following form:

(@G o

{6[8& j} = (B (8°)3 (0o, + ayon,), (135)

where

op, =

and
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{5(8& J}indir = ﬂf {—51/(1) (t)OIpd—Et)+[iNZlni<yi jw“) (t)é‘p(t)}é‘(t - B)dt. (136)

9B, B

The indirect-effect term defined in Equation (136) will be expressed in terms

of a square integrable two-component adjoint function
pl? (t)é[y/éf) (t),l//ég) (I)JG H (2)(Qt) by first constructing the inner product

of Equation (44) with l//éz) (t) to obtain the following relation:

d N
ﬂl? _—+Zni0'i 0 I
@) (1) o dt i3 {5‘/’ I)J

W (1) Ws, (1 N dt

[wowee) * o g | 0
dt i:1ll
. 1)

50 —(6t,)8" (t=ty ) —w™ ()Y (o, +a.6m,)
= [ 0wl )] . .

B —p(t)Z(nié'Gi +0i5ni)

i=1

Integrating by parts the left-side of Equation (137) so as to transfer the diffe-
rential operations on 51//(1) (t) and dp(t) to differential operations on

w2 (t) and w2 (t) yields the following result:

B d "
J o (0] o 0+ () S |
Vi dt i-1

i=1

+ A]-u: s (t){%é‘p(t) + 5p(t)ZN:nigi }dt

=i (

) (2) N
2 (8)ap(5°)+ | o (t)[d"’fﬂ M), 0 (t)Zniai]dt
Vi =

B5)ow (B7)+wid (52)ow ™ (87 )+wid (B)on(A0)  (138)

dt
B dl//(z) t N
+f0 5p(t){—%()+‘//§§)(t)2nm .
Bi

The last two terms on the right-side of Equation (138) will represent the indi-
rect-effect term defined in Equation (136) by requiring that

dp? ) N N
WO 0= L)o(t- ) Sner sle- ). a9

_—d Wég) (t) +1//§§) (t)ZN:niO'i :@;niqu(” (t)5(t_ﬁf)

dt i1
={iN21niaijexp{(ﬂf —tf,’)ﬁ;nioi}&(t—ﬂf).

The boundary conditions for Equations (139) and (140) are established by

requiring that the contributions involving the unknown quantities 5l//(l) ( B )

(140)

and 5,0( B ) in Equation (138) vanish, which can be accomplished by impos-
ing the following conditions:
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v (87)=0, v (8)=0. (141)

Solving Equations (139)-(141) yields the following expressions for the com-

ponents of the 2%-level adjoint function l//éz) (t) = [l//éf) (t),l/lg) (t)}, to be eva-

luated at the nominal parameter values:

w2 ()= p,H (-4, )(ile:nioi jexp{(ﬂ[ —t)ﬁl“niai}, (142)
wid (t)= @;niq j[l— H(t- 4 )]exp[(t —tg)iniai } (143)

i=1

Using Equations (137)-(141) and (17) in Equation (136) yields the following

expression for the indirect-effect term defined in Equation (136):

{5[2%]} =l//§§)(ﬂ/){5pm -8, {d’;—ﬂﬂ}

N

2 ~(ot,)5" (t=t,) =" (1) X (ndo, + o0m)
+ .[[l//s(j)(t)ﬂ//g)(t)] \ o dt (144)
A -p(t) D (ndo; +o,6m,)

i=1

for i=1,---,N.

Adding the direct-effect term defined in Equation (135) to Equation (144) and
identifying in the resulting expression the coefficients multiplying the variations
do;, on, op,, oty, of, and If, yields the following expressions for the

respective 2"-order sensitivities of the response R, (p;a, B):

o°R A o Ao
—2L = | (D) (t)dt—n, | we' (1) p(t)dt
00,0p, ’ﬂj; s (v (1) ,ﬂf? 2 (1) () (145)

+njp(ﬂf)l/l(l)(ﬂf); =N

62R1 ﬂg (2 . ﬁl? )
=0 [y (Yy" (t)dt—o; [ yig) (t) p(t) el
B

nop 3 (146)
v () (B): T=LenN;
PR @p.
oo, P e

62Rl __ﬁf.’ (2) s x ) d'//éi)(t) .

o ﬁj? vy (1)5'(t td)_[—OIt Hd, (148)
Ry, (149)
0p,0p,

PR [y do(t)
Bp, {V/m (t)—G|t t:,g,o' (150)

Inserting the expressions obtained in Equations (142) and (143) for the com-

ponents of the 2"-level adjoint function ¥\’ ()= [(//éf) (t),l//ég) (t)J into Equa-
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tions (145)-(150) yields the following expressions, where all quantities are to be

evaluated at the nominal parameter values:

TRy 1+ -1 S o] (4.t e 1= ; (s

00,08, =

R, ,p.n[1+( )anal}exp[( )i“.d.} j=1--N; (152)

nop, ~

O°R, =(ZN:niaijexp[(ﬂg—td)ZN:niai}; (153)

opnop, \E
o°R N 2 N
atda/l-:g =—,0in(lzlln, j exp{( td)izllniai} (154)
%:0? (155)
'R, N 2 N
PP, =pin(§nioij exp{(ﬁé —td)iz_;niai}. (156)

4. Concluding Remarks

Due to the symmetry of the mixed 2™-order sensitivities, the following identities
hold:

1) The expression provided in Equation (81) must be identical to the expres-
sion provided in Equation (53). This identity provides an independent mutual
verification of the accuracy of the computations of the 2"-level adjoint functions
vl (02wl (0.8 (1)] and v (0 2] (002 ()],

2) The expression provided in Equation (101) must be identical to the expres-
sion provided in Equation (54). This identity provides an independent mutual
verification of the accuracy of the computations of the 2-level adjoint functions
v () 2[p (0.8 (1)] and v (02wl (0.0 (1)].

3) The expression provided in Equation (102) must be identical to the expres-
sion provided in Equation (83). This identity provides an independent mutual
verification of the accuracy of the computations of the 2"-level adjoint functions
v (2] (0.8 (0] and v (O2]vE (05 ()],

4) The expression provided in Equation (119) must be identical to the expres-
sion provided in Equation (55). This identity provides an independent mutual
verification of the accuracy of the computations of the 2"-level adjoint functions
vl (0)2[vid (0.0 (0)] and v (02 (00 ()],

5) The expression provided in Equation (120) must be identical to the expres-
sion provided in Equation (84). This identity provides an independent mutual
verification of the accuracy of the computations of the 2"-level adjoint functions
v ()2 v (0.8 (1)] and v (02w (008 (1)].

6) The expression provided in Equation (121) must be identical to the expres-
sion provided in Equation (103). This identity provides an independent mutual

verification of the accuracy of the computations of the 2"-level adjoint functions
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v ()2 v (0.8 (1)] and v (02w (008 (1)].

7) The expression provided in Equation (145) must be identical to the expres-
sion provided in Equation (57). This identity provides an independent mutual
verification of the accuracy of the computations of the 2"-level adjoint functions
v (0212 (02 (1)] and ¥ (02 [ (002 (1)].

8) The expression provided in Equation (146) must be identical to the expres-
sion provided in Equation (86). This identity provides an independent mutual
verification of the accuracy of the computations of the 2"-level adjoint functions
v () 2[p (0.8 (1)] and v (02wl (008 (1)].

9) The expression provided in Equation (147) must be identical to the expres-
sion provided in Equation (105). This identity provides an independent mutual
verification of the accuracy of the computations of the 2"-level adjoint functions
v () 2[wd (1) (1)] and w(1).

10) The expression provided in Equation (148) must be identical to the ex-
pression provided in Equation (124). This identity provides an independent
mutual verification of the accuracy of the computations of the 2%-level adjoint
functions uléz) (1)= [l//éf) (), ://é? (t)] and l//‘(lz) (t)= |:!//ﬁ) (t),l//[(é) (t)} .

The point-detector response R, (p;a, B) considered in this work turned out
to be independent of the imprecisely known upper-boundary point f,, except
when the response is located at the nominal value of the uncertain upper boun-
dary (ie, when the nominal values of the quantities t; and f, coincide). In
this case, the expressions of the 1#- and 2"-order response sensitivities derived
in this work remain valid, but with the stipulation that t; is replaced by S, .

A “reaction-rate” detector response, which depends on both the lower and
upper uncertain boundary points, will be considered in the companion work [7]
in order to illustrate the possible direct and indirect contributions to the sensi-

tivities of such responses stemming from the uncertain domain boundaries.
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