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Abstract: We introduce the generalized von Neumann-Jordan constant of a quasi-Banach space X. Also, the
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1. Introduction

I n general, the study of the geometric property of a Banach space is not easy. Alternatively one can
do this with the help of some reasonable geometric constants or moduli. These geometric constants

may seem simple, but they were proved to be powerful tools for studying the geometric structure of Banach
spaces. Several results on the Jordan-von Neumann constant (which is usually called the von Neumann-Jordan
constant) of a Banach space X, denoted by CNJ(X), have recently been obtained by the authors [1,2], (we also
refer to [3,4] for the classical results). To some extent, this constant is closely related to the parallelogram rule.

Because some basic tools are missing, we don’t have a lot of results about quasi-Banach spaces, some good
results have been obtained by the authors [5–7]. Although the geometric properties of quasi-Banach spaces are
difficult to study and different from Banach spaces, we can also describe it quantitatively. The most common
way to create these descriptions is to define a real function and an appropriate constant closely related to it,
depending on the spatial structure under consideration. Some geometric constants on quasi-Banach spaces
have also been studied. These moduli are a taste of the shape of the unit sphere in space and whether the
space has some geometric properties. The most recent research work with these moduli are investigated by
[8–10].

In this paper, we introduce a new coefficient CNJ(a, X) generalizing the von Neumann-Jordan constant
and its properties. Additionally, the characteristics of quasi-Hilbert and its relationship with the modulus
of convexity have also been discussed. Also, our analysis found an equivalence condition about uniformly
non-square.

2. Preliminaries

Definition 1. [11] A quasi-norm on ‖ · ‖ on vector space X over a field K (R or C) is a map X −→ [0, ∞) with
the properties:

(1) ‖x‖ = 0 if and only if x = 0,
(2) ‖ax‖ = |a|‖x‖, a ∈ R, x ∈ X,
(3) ‖x + y‖ ≤ C(‖x‖+ ‖y‖), x, y ∈ X,

where C ≥ 1 is a constant independent of x, y ∈ X. The constant C is called the modulus of concavity of the
quasi-norm ‖ · ‖.

The Jordan-von Neumann constant of a Banach space X, CNJ(X) is defined by

CNJ(X) = sup
{
‖x + y‖2 + ‖x− y‖2

2 (‖x‖2 + ‖y‖2)
: x, y ∈ X, not both zero

}
.

Now, we collect some properties about von Neumann-Jordan constant (see [1,12]):
(1) 1 ≤ CNJ(X) ≤ 2; X is a Hilbert space if and only if CNJ(X) = 1,
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(2) X is uniformly nonsquare if and only if CNJ(X) < 2,
(3) CNJ(X) = CNJ (X∗).

3. Von-neumann Jordan constant properties in the quasi-Banach spaces

As stated in the introduction, in this scection we study two more generalized CNJ(X) in quasi-Banach
spaces.

Definition 2. Let X be a quasi-Banach space. Define

CNJ(X) = sup
{
‖x + y‖2 + ‖x− y‖2

2C2 (‖x‖2 + ‖y‖2)
: x, y ∈ X, not both zero

}
.

Theorem 1. Let X be a quasi-Banach space. Then

1
C2 ≤ CNJ(X) ≤ 2.

Proof. Let x 6= 0, y = 0, then clearly

lim
y→0

‖x + y‖2 + ‖x− y‖2

2C2(‖x‖2 + ‖y‖2)
=
‖x‖2 + ‖x‖2

2C2‖x‖2 =
1

C2 .

We have
CNJ(X) ≥ 1

C2 .

On the other hand, ‖x + y‖ ≤ C(‖x‖+ ‖y‖), so we have‖x + y‖2 ≤ 2C2‖x‖2 + 2C2‖y‖2. In the same way,
we have ‖x− y‖2 ≤ 2C2‖x‖2 + 2C2‖y‖2. We then obtain

‖x + y‖2 + ‖x− y‖2

2C2‖x‖2 + 2C2‖y‖2 ≤
2C2‖x‖2 + 2C2‖y‖2 + 2C2‖x‖2 + 2C2‖y‖2

2C2‖x‖2 + 2C2‖y‖2 = 2.

Thus
CNJ(X) ≤ 2.

So 1
C2 ≤ CNJ(X) ≤ 2.

The generalization of the Jordan-von Neumann constant of X (see [13]) is defined by

CNJ(a, X) = sup
{
‖x + y‖2 + ‖x− z‖2

2‖x‖2 + ‖y‖2 + ‖z‖2 x, y, z ∈ X not all zero and ‖y− z‖ ≤ a‖x‖
}

.

Now, we are going to study a more generalized von Neumann-Jordan constant CNJ(a, X) in a
quasi-Banach space.

Definition 3. Let X be a quasi-Banach space. Define

CNJ(a, X) = sup
{

‖x + y‖2 + ‖x− z‖2

2C2‖x‖2 + C2‖y‖2 + C2‖z‖2 : x, y, z ∈ X not all zero and ‖y− z‖ ≤ a‖x‖
}

.

Theorem 2. Let X be quasi-Banach space, then for any a ≥ 0 we have

1
C2 +

4a
4C2 + C2a2 ≤ CNJ(a, X) ≤ 2.

Proof. For this, we take any x ∈ SX and put y = a
2 x = −z, we then have y− z = ax and so,

CNJ(a, X) ≥ ‖x + y‖2 + ‖x− z‖2

2C2‖x‖2 + C2‖y‖2 + C2‖z‖2 =
(1 + a

2 )
2‖x‖2 + (1 + a

2 )
2‖x‖2

2C2‖x‖2 + 2C2 (a2/4) ‖x‖2

=
2(1 + a

2 )
2

2C2
(

1 + a2

4

) =
4 + 4a + a2

4C2 + C2a2 =
1

C2 +
4a

4C2 + C2a2 .
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Next, we show that CNJ(a, X) ≤ 2. By the triangle inequality, we have

‖x + y‖2 + ‖x− z‖2 ≤
(

C2‖x‖2 + 2C‖x‖‖y‖+ C2‖y‖2
)
+
(

C2‖x‖2 + 2C‖x‖‖z‖+ C2‖z‖2
)

≤
(

2C2‖x‖2 + 2C2‖y‖2
)
+
(

2C2‖x‖2 + 2C2‖z‖2
)

= 4C2‖x‖2 + 2C2‖y‖2 + 2C2‖z‖2.

From which it is clear that CNJ(a, X) ≤ 2.

The classical result by Jordan and von Neumann states the following criterium for checking when the
norm derives from an inner product.

Theorem 3. ([4]) Let (X, ‖ · ‖) be a real normed linear space. Then ‖ · ‖ derives from an inner product if and only if the
parallelogram law holds, i.e.,

‖x + y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2

for all x, y ∈ X.

There exist some modifications of Theorem 3, where the sign of equality is replaced by one of the
inequality signs, or where the condition is satisfied for unit vectors only.

Theorem 4. [14] Let (X, ‖ · ‖) be a real normed linear space. Then ‖ · ‖ derives from an inner product if and only if

‖x + y‖2 + ‖x− y‖2 ∼ 2‖x‖2 + 2‖y‖2

for all x, y ∈ X, where ∼ stands either for ≤ or ≥.

Theorem 5. [15] Let (X, ‖ · ‖) be a real normed linear space. Then ‖ · ‖ derives from an inner product if and only if

‖u + v‖2 + ‖u− v‖2 ∼ 4

for all u, v ∈ SX , where ∼ stands for one of the signs =, ≤ or ≥.

As we all known, in a Banach space CNJ(X) = 1 if and only if X is Hilbert space. In quasi-Banach spaces,
we give a similar definition.

Definition 4. Let X be a quasi-Banach space, we call it quasi-Hilbert characteristic if for any x, y ∈ SX , we have

‖x + y‖2 + ‖x− y‖2 ≤ 4C2,

where C is the modulus of concavity of the quasi-norm ‖ · ‖.

Example 1. Let X = R2 with the l 1
2

norm ‖x‖ =
(

2

∑
i=1
|xi|

1
2

)2

for x = (x1, x2) ∈ R2, we call it R 1
2 space. It has

no quasi-Hilbert characteristic.

Proof. For x, y ∈ SX , x = (x1, x2), y = (y1, y2), we have

‖x‖ =
(
|x1|

1
2 + |x2|

1
2
)2

= |x1|+ |x2|+ 2 (|x1| · |x2|)
1
2 ,

‖y‖ =
(
|y1|

1
2 + |y2|

1
2
)2

= |y1|+ |y2|+ 2 (|y1| · |y2|)
1
2

and
‖x + y‖ =

(
|x1 + y1|

1
2 + |x2 + y2|

1
2
)2

= |x1 + y1|+ |x1 + y2|+ 2 (|x1 + y1| · |x2 + y2|)
1
2 .

So we can get

2 |x1 + y1|
1
2 · |x2 + y2|

1
2 ≤ ‖x‖+ ‖y‖
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and
|x1 + y1|+ |x2 + y2| ≤ ‖x‖+ ‖y‖.

Then we have
‖x + y‖ ≤ 2(‖x‖+ ‖y‖).

According to the proof of Theorem 1, we have

‖x± y‖2 ≤ 2 · 22(‖x‖2 + ‖y‖2).

So we have
‖x + y‖2 + ‖x− y‖2 ≤ 2 · (2

√
2)2(‖x‖2 + ‖y‖2) = 4(2

√
2)2 = 8C2.

When x = (1, 0), y = (0, 1), the equality holds. Since 2
√

2 6= 2, R 1
2 has no quasi-Hilbert characteristic.

Figure 1

Example 2. An example of a quasi-Banach space is (R2, µB) whose unit ball is exactly the set of all the vectors
inside polygon as shown in Figure 1, this figure is symmetric about the origin . The Minkowski functional µB
induced by the set polygon is a quasi-norm on R2, i.e. (R2, µB) is quasi-Banach space. For line y = nx, its
intersection with AC is Q. H is the midponit of A. Assume OQ = l1, OB = l2, here l1 > l2. According to
the fact, We have C = max λ∈[0,1]

x,y∈SX

‖λx + (1− λ)y‖, here C is the modulus of concavity of the quasi-norm ‖ · ‖.

Based on geometric properties we have max ‖λx + (1− λ)y‖ = l1
l2
= ‖−→OQ‖, so we have C = l1

l2
. On the other

hand, ∀x, y ∈ SX , we have ‖ x+y
2 ‖ ≤ ‖

−→
OA+

−→
OC

2 ‖ = ‖−→OH‖ = OH
OG , and OH =

√
2

2 , OG =
√

2nl2
nl2+(n+1)l2−l2

, so we

have OH
OG = nl2+(n+1)l2−l2

2nl2
. As long as l2 is small enough and n is large enough, we have OH

OG ≤
l1√
2·l2

= C√
2
, then

we have ‖ x+y
2 ‖ ≤

C√
2

, ∀x, y ∈ SX .
So

‖x + y‖2 + ‖x− y‖2 ≤ 4C2

it has quasi-Hilbert characteristic.
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Definition 5. [8] The modulus of convexity of a quasi-Banach space X is defined as

δ(ε) = inf
{

1−
∥∥∥∥ x + y

2C

∥∥∥∥ : x, y ∈ SX ,
∥∥∥∥ x− y

C

∥∥∥∥ = ε

}
, 0 ≤ ε ≤ 2.

Theorem 6. Let X be a quasi-Banach space is quasi-Hilbert characteristic, we have

δX(ε) ≥ 1− 1
C

√
C2 − ε2C2

4
.

Proof. Let x, y ∈ X with ‖x‖ = 1, ‖y‖ = 1 and ‖x−y‖
C = ε. Since it has quasi-Hilbert characteristic,

‖x + y‖2 + ‖x− y‖2 ≤ 4C2.

Thus
‖x + y‖2 ≤ 4C2 − ‖x− y‖2

= 4C2 − ε2C2.

Hence
‖x + y‖ ≤

√
4C2 − ε2C2.

Thus we have

1− ‖x + y‖
2C

≥ 1−
√

4C2 − ε2C2

2C
.

Which implies that

inf
{

1− ‖x + y‖
2C

}
≥ 1− 1

C

√
C2 − ε2C2

4
.

Hence, we get

δX(ε) ≥ 1− 1
C

√
C2 − ε2C2

4
.

This completes the proof.

4. Generalized Gao constant properties in quasi-Banach spaces

Next we will discuss some of generalized Gao constant properties in quasi-Banach spaces.

Definition 6. Let X be a quasi-Banach space. Define

E(X) = sup

{
‖x + y‖2 + ‖x− y‖2

C2 : x, y ∈ SX

}
.

The following proposition can be found in [16], and we get the same result for quasi-Banach spaces.

Proposition 1. Let X be a Banach space, one has the following equality:

E(X) = sup
{

ε2 + 4 (1− δX(ε))
2 : ε ∈ [0, 2]

}
.

Theorem 7. Let X be a quasi-Banach space, one has the following equality:

E(X) = sup
{

ε2 + 4 (1− δX(ε))
2 : ε ∈ [0, 2]

}
.

Proof. Take x ∈ SX , y ∈ SX , and ‖ x−y
C ‖ = ε. It follows from the definition of E(X), that

E(X) ≥ C2ε2 + ‖x + y‖2

C2 .
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Thus we have

1− ‖x + y‖
2C

≥ 1−
√

C2E(X)− C2ε2

2C

= 1−
√

E(X)− ε2

2
.

From the definition of δ(ε), we have that

E(X) ≥ sup
{

ε2 + 4 (1− δ(ε))2
}

.

On the other hand for every x, y ∈ SX , δ( ‖x−y‖
C ) ≤ 1− ‖x + y‖/2C, which implies that

‖x + y‖2 + ‖x− y‖2 ≤ C2ε2 + 4C2
(

1− δ(
‖x− y‖

C
)

)2

≤ C2ε2 + 4C2 (1− δ(ε))2 .

Hence E(X) ≤ sup
{

ε2 + 4 (1− δ(ε))2
}

. So we obtain the desired equality.

Definition 7. [9] The modulus of uniform smoothness of a quasi-Banach space X is defined as

ρ1(ε) = sup
{

1− ‖x + y‖
2C

: x, y ∈ SX ,
‖x− y‖

C
= ε

}
.

Definition 8. Let X be a quasi-Banach space. Define

f (X) = inf
{
‖x + y‖2 + ‖x− y‖2

C2 : x, y ∈ SX

}
.

Theorem 8. Let X be a quasi-Banach space, one has the following equality:

f (X) = inf{ε2 + 4 (1− ρ1(ε))
2 : ε ∈ [0, 2]}.

Proof. Take x ∈ SX , y ∈ SX , and ‖x−y‖
C = ε. It follows from the definition of f (X), that

f (X) ≤ C2ε2 + ‖x + y‖2

C2 .

Thus we have

1− ‖x + y‖
2C

≤ 1−
√

C2 f (X)− C2ε2

2C

= 1−
√

f (X)− ε2

2
.

From the definition of ρ1(ε), we have that

f (X) ≤ inf
{

ε2 + 4 (1− ρ1(ε))
2
}

.

On the other hand for every x, y ∈ SX , ρ1(‖x− y‖) ≥ 1− ‖x + y‖/2C, which implies that

‖x + y‖2 + ‖x− y‖2 ≥ C2ε2 + 4C2 (1− ρ1(‖x− y‖))2

≥ C2ε2 + 4C2 (1− ρ1(ε))
2 .

Hence f (X) ≥ inf
{

ε2 + 4 (1− ρ1(ε))
2
}

. So we obtain the desired equality.

Now, we are going to introduce a special von Neumann-Jordan constant, and get some relationship with
property of uniformly non-square.
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Definition 9. Let X be a quasi-Banach space. Define

C′NJ(X) = sup

{
‖x + y‖2 + ‖x− y‖2

4C2 : x ∈ BX , y ∈ BX

}
.

Definition 10. [10] A quasi-Banach space X is said to be uniformly non-square if there exists a positive number
δ < 2 such that for any x, y ∈ SX , we have

min
(∥∥∥∥ x + y

C

∥∥∥∥ ,
∥∥∥∥ x− y

C

∥∥∥∥) ≤ δ.

Theorem 9. For p ∈ (1, ∞). A quasi-Banach space X is uniformly non-square if and only if there exists δ ∈ (0, 1) such
that for any x, y ∈ X, we have

C′NJ(X) ≤ (2− δ)
‖x‖2 + ‖y‖2

2
.

Proof. Let X be an uniformly non-square quasi-Banach space and on contrary assume that inequality is not
hold. Therefore for every positive integer n, there exists xn and yn in X such that

‖xn + yn‖2 + ‖xn − yn‖2

4C2 >

(
2− 1

n

)
‖xn‖2 + ‖yn‖2

2
.

Let xn ∈ SX and yn ∈ BX = {x ∈ X : ‖x‖ ≤ 1} for all n. Without loss of generality we assume that ‖yn‖
converges to some γ, where 0 ≤ γ ≤ 1 we have(

2− 1
n

)
1 + ‖yn‖2

2
<

∥∥∥∥ xn + yn

2C

∥∥∥∥2
+

∥∥∥∥ xn − yn

2C

∥∥∥∥2

≤ 2

C
(
‖xn‖2 + ‖yn‖2

)
2C

2

= 2

(
1 + ‖yn‖2

2

)2

≤ 2
(

1 + ‖yn‖
2

)2
.

According the function f (γ) = γ2 is convex, which leads

(1 + γ)2 =

(
2 · 1 + γ

2

)2
≤ 22

(
1 + γ2

2

)
= 2

(
1 + γ2

)
.

Letting n→ ∞, we obtain
(1 + γ)2

1 + γ2 = 2 then we have γ = 1.

Therefore ∥∥∥∥ xn + yn

2C

∥∥∥∥2
+

∥∥∥∥ xn − yn

2C

∥∥∥∥2
−→ 2.

This contradicts to the fact that X is uniformly non-square.
Conversely, suppose that∥∥∥∥ x1 + x2

2C

∥∥∥∥2
+

∥∥∥∥ x1 − x2

2C

∥∥∥∥2
≤ (2− δ)

‖x1‖2 + ‖x2‖2

2
.

In particularly, let x1, x2 ∈ SX we have∥∥∥∥ x1 + x2

2C

∥∥∥∥2
+

∥∥∥∥ x1 − x2

2C

∥∥∥∥2
≤ (2− δ).
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Which implies that

min
{∥∥∥∥ x1 + x2

C

∥∥∥∥ ,
∥∥∥∥ x1 − x2

C

∥∥∥∥} ≤ 2
(

1− δ

2

) 1
2

.

Hence X is uniformly non-square. This completes the proof.
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[8] Kwun, Y. C., Mehmood, Q., Nazeer, W., Haq, A. U., & Kang, S. M. (2016). Relations between generalized von

Neumann-Jordan and James constants for quasi-Banach spaces. Journal of Inequalities and Applications, 2016(1), 1-10.
[9] Kwun, Y. C., Ahmad Qadri, H. M. U., Nazeer, W., Haq, A. U., & Kang, S. M. (2018). On

Generalized Moduli of Quasi-Banach Space. Journal of Function Spaces, Volume 2020, Article ID 7324783,
https://doi.org/10.1155/2018/7324783.

[10] Nazeer, W., Mehmood, Q., Kang, S. M., & Haq, A. U. (2018). Generalized von Neumann-Jordan and James constants
for quasi-Banach spaces. Journal of Computational Analysis and Applications, 25(6), 1043-1052.

[11] Kalton, N. J., Peck, N. T., & Rogers, J. W. (1985). An F-Space Sampler. London Mathematical Society Lecture Note
Series Book 89).

[12] Kato, M., Maligranda, L., & Takahashi, Y. (2001). On James and Jordan-von Neumann constants and the normal
structure coefficient of Banach spaces. Studia Mathematica, 144(3), 275-295.

[13] Dhompongsa, S., Piraisangjun, P., & Saejung, S. (2003). Generalised Jordan-von Neumann constants and uniform
normal structure. Bulletin of the Australian Mathematical Society, 67(2), 225-240.

[14] Day, M. M. (1947). Some characterizations of inner-product spaces. Transactions of the American Mathematical Society,
62(2), 320-337.

[15] Schoenberg, I. J. (1952). A remark on MM Day’s characterization of inner-product spaces and a conjecture of LM
Blumenthal. Proceedings of the American Mathematical Society, 3(6), 961-964.

[16] Gao, J., & Saejung, S. (2008). Remarks on a Pythagorean approach in Banach spaces. Mathematical Inequalities &
Applications, 11, 213-220.

c© 2020 by the authors; licensee PSRP, Lahore, Pakistan. This article is an open access article
distributed under the terms and conditions of the Creative Commons Attribution (CC-BY) license
(http://creativecommons.org/licenses/by/4.0/).

http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/

	Introduction
	Preliminaries
	Von-neumann Jordan constant properties in the quasi-Banach spaces
	Generalized Gao constant properties in quasi-Banach spaces

