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Abstract: We introduce the generalized von Neumann-Jordan constant of a quasi-Banach space X. Also, the
quasi-Hilbert characteristic is introduced. An attempt has been made to investigate the relationship between
them. At the end, a characterization of uniformly non-square is given.
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1. Introduction

n general, the study of the geometric property of a Banach space is not easy. Alternatively one can
m do this with the help of some reasonable geometric constants or moduli. These geometric constants
may seem simple, but they were proved to be powerful tools for studying the geometric structure of Banach
spaces. Several results on the Jordan-von Neumann constant (which is usually called the von Neumann-Jordan
constant) of a Banach space X, denoted by Cy;(X), have recently been obtained by the authors [1,2], (we also
refer to [3,4] for the classical results). To some extent, this constant is closely related to the parallelogram rule.

Because some basic tools are missing, we don’t have a lot of results about quasi-Banach spaces, some good
results have been obtained by the authors [5-7]. Although the geometric properties of quasi-Banach spaces are
difficult to study and different from Banach spaces, we can also describe it quantitatively. The most common
way to create these descriptions is to define a real function and an appropriate constant closely related to it,
depending on the spatial structure under consideration. Some geometric constants on quasi-Banach spaces
have also been studied. These moduli are a taste of the shape of the unit sphere in space and whether the
space has some geometric properties. The most recent research work with these moduli are investigated by
[8-10].

In this paper, we introduce a new coefficient Cyj(a, X) generalizing the von Neumann-Jordan constant
and its properties. Additionally, the characteristics of quasi-Hilbert and its relationship with the modulus
of convexity have also been discussed. Also, our analysis found an equivalence condition about uniformly
non-square.

2. Preliminaries

Definition 1. [11] A quasi-norm on || - || on vector space X over a field K (R or C) is a map X — [0, c0) with
the properties:

(1) ||x|| = 0if and only if x = 0,

(2) ||ax|| = |a|||x||, a € R,x € X,

@) [x+yll < Clxl +lyl), vy X,
where C > 1 is a constant independent of x,y € X. The constant C is called the modulus of concavity of the
quasi-norm || - ||.

The Jordan-von Neumann constant of a Banach space X, Cnj(X) is defined by

2+ yl® + [l — yi>
2 ([}l + llylI?)

Cnj(X) = sup { : x,y € X, not both zero } .

Now, we collect some properties about von Neumann-Jordan constant (see [1,12]):
(1) 1 < Cnj(X) < 2; X is a Hilbert space if and only if Cyj(X) =1,
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(2) X is uniformly nonsquare if and only if Cyj(X) < 2,
(3) Cnyj(X) = Cny (X¥).

3. Von-neumann Jordan constant properties in the quasi-Banach spaces

As stated in the introduction, in this scection we study two more generalized Cyj(X) in quasi-Banach
spaces.

Definition 2. Let X be a quasi-Banach space. Define

I +yI2 + llx — yIP?
Cni(X) = : X t both .
N () S“p{ 2C2 (P + ) Y = moro e

Theorem 1. Let X be a quasi-Banach space. Then

1

Proof. Let x # 0,y = 0, then clearly

oo B2+ =yl _ P ]2 _ 1
v 2C(xEH IR T 2R e

We have .

On the other hand, ||x + y|| < C(||x|| + [ly||), so we have||x + y||*> < 2C?||x||> 4+ 2C?|y||?. In the same way,
we have ||x — y||? < 2C?||x||? +2C?||y||>. We then obtain

lx + yl12 + [lx =yl _ 2C?|lx||* +2C|ly||* +2C2|lx||* + 2Cly[* _

< 2.
2C2||x[[> +2C2[|y[1? 2C2|x|[> +2C?ly |2

Thus
CN](X) <2

Sod <Cnj(X)<2. O
The generalization of the Jordan-von Neumann constant of X (see [13]) is defined by
[l +yl* + [|x — 2>
2[lxl12+ llyll> + llzI12

Cny(a, X) = sup{ x,Y,z € Xnotall zero and |y —z|| < a|x||}.

Now, we are going to study a more generalized von Neumann-Jordan constant Cyj(a,X) in a
quasi-Banach space.

Definition 3. Let X be a quasi-Banach space. Define

gl + Il — 2
C LX) =
N (4 X) S“p{z@|x|2+c2||y||2+c2||z||2

:x,Y,z € Xnotall zero and ||y —z|| < a|x||}.

Theorem 2. Let X be quasi-Banach space, then for any a > 0 we have

1 4a

c ity og S vl X) <2

Proof. For this, we take any x € Sx and put y = 5x = —z, we then have y — z = ax and so,

lx +ylI* + llx — z|1? (1+ §)2[x[1> + (1 + 5)?[|x]?
Cny(a, X) = 573 20112 2012 2112 2 (2 2
2C% || x[|2 + C3{ly > + C2[|z]| 2C%||x[|* +2C2 (a2/4) || x||
20+ %)% 4+4a+a® 1 4a

e (Hg) S atieiar
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Next, we show that Cyj(a, X) < 2. By the triangle inequality, we have

lx+yl2 + lx =21 < (=12 +2C)xllly ] + Cyll?) + (2l +2C 2] + C=1?)
< (2C20%17 + 2Cly|2) + (21|12 +2¢2 2|12
= 4C2| x| + 22 lyl? +2€2 |12
From which it is clear that Cyj(a, X) < 2. O

The classical result by Jordan and von Neumann states the following criterium for checking when the
norm derives from an inner product.

Theorem 3. ([4]) Let (X, || - ||) be a real normed linear space. Then || - || derives from an inner product if and only if the
parallelogram law holds, i.e.,
I+ ylI? + llx = l? = 2| x* + 2[|y||?

forall x,y € X.

There exist some modifications of Theorem 3, where the sign of equality is replaced by one of the
inequality signs, or where the condition is satisfied for unit vectors only.

Theorem 4. [14] Let (X, || - ||) be a real normed linear space. Then || - || derives from an inner product if and only if
e+ y 12+ [lx = w17 ~ 2] + 2]ly||?
forall x,y € X, where ~ stands either for < or >.
Theorem 5. [15] Let (X, || - ||) be a real normed linear space. Then || - || derives from an inner product if and only if
ot + 0| + [|u — o]|* ~ 4
forall u,v € Sx, where ~ stands for one of the signs =, < or >.

As we all known, in a Banach space Cnj(X) = 1if and only if X is Hilbert space. In quasi-Banach spaces,
we give a similar definition.

Definition 4. Let X be a quasi-Banach space, we call it quasi-Hilbert characteristic if for any x,y € Sx, we have
[l +yl? + [lx — yl* < 4C?,

where C is the modulus of concavity of the quasi-norm || - ||.

2
2
Example 1. Let X = R? with the l% norm ||x|| = (Z |xi|%> for x = (x1,x2) € R?, we call it R2 space. It has
i=1

no quasi-Hilbert characteristic.

Proof. For x,y € Sx, x = (x1,x2), ¥ = (y1,Y2), we have

1 1\ 2 1
Il = (a2 + 12]2)” = fal + ol +2 (1) - a2,

Nl—

1 1\2
Iyl = (lyal? +1y2l®) " = lyal + ly2l +2(lyal - [v2))
and
1 1\2 1
||x+y|\:(|x1+y1|2+|x2+y2|2) = [+l 4yl +2(x+ - 2 +yf)?.
So we can get

1 1
20x1 + w12 - xa+yal? < x| + Iyl



Open J. Math. Sci. 2020, 4, 253-260 256

and
lx1 4+ ya| + |x2 + yaf < lx]| + [lyll-

Then we have
x4+ yll < 2(flx]| + lyll)-

According to the proof of Theorem 1, we have
e £ yl1* < 2 22(J ] + 1y [1%).

So we have
lx+ylI? + lx = yl* <2- 2v2)2(||x]1* + ly]1*) = 4(2v2)* = 8C2.

When x = (1,0), y = (0,1), the equality holds. Since 2V2 #2, RZ has no quasi-Hilbert characteristic. [J

Y
y=nK
A
"[a
o
F o
X
E

D

Figure 1

Example 2. An example of a quasi-Banach space is (R?, 3) whose unit ball is exactly the set of all the vectors
inside polygon as shown in Figure 1, this figure is symmetric about the origin . The Minkowski functional yp
induced by the set polygon is a quasi-norm on R?, i.e. (R?, up) is quasi-Banach space. For line y = nx, its
intersection with AC is Q. H is the midponit of A. Assume OQ = I;, OB = I, here Iy > I. According to

the fact, We have C = max y¢jo1 ||[Ax + (1 — A)y||, here C is the modulus of concavity of the quasi-norm || - ||.

Based on geometric propertlyes we have max |[Ax + (1 - Ayl = Tl ||(ﬁ|| so we have C = l On the other

hand, Vx,y € Sx, we have ||x+y|| ||M|| ||OH|| 9H and OH = ‘f ,0G = nlz-&-(\f%’ S0 we

have % = %&ﬂzlz Aslong as I, is small enough and # is large enough, we have 815 < \[ G f’ then
X+

weh;ze |52 < I,Vx y € Sx.

I+ 2 + [lx = yl|* < 4C?

it has quasi-Hilbert characteristic.
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Definition 5. [8] The modulus of convexity of a quasi-Banach space X is defined as

i _|xtyy.
5(6)—1nf{1 HZC H.x,yESX,

xEyH:e}, 0<e<2.

Theorem 6. Let X be a quasi-Banach space is quasi-Hilbert characteristic, we have

1 €22
>1——/C2—-—.
§X(€) >1 C C 1

Proof. Letx,y € X with ||x| =1, |ly]| = 1and M = €. Since it has quasi-Hilbert characteristic,
I +yl? + [lx — yl* < 4C2.

Thus ) ) )
[x +y[|” < 4C" — [[x -yl
=4C% — 2.
Hence

lx +y| < V4C?% —e2C2.

Thus we have

N B e,
2 — 2C )

Which implies that

Hence, we get

This completes the proof.
O

4. Generalized Gao constant properties in quasi-Banach spaces

Next we will discuss some of generalized Gao constant properties in quasi-Banach spaces.

Definition 6. Let X be a quasi-Banach space. Define

2 _ 2
E(X):Sup{nan ;nx i :wesx}

The following proposition can be found in [16], and we get the same result for quasi-Banach spaces.
Proposition 1. Let X be a Banach space, one has the following equality:
E(X) = sup {62 +4(1-0x(e))?:ec [0,2]} .
Theorem 7. Let X be a quasi-Banach space, one has the following equality:
E(X) = sup {& +4(1-dx(e) re € [0,2]}.
Proof. Take x € Sx,y € Sx, and || *=Z|| = e. It follows from the definition of E(X), that

S C2e? + ||x —|—y||2_

Ex) > =10
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Thus we have

2 — 22
|yl VR - Ce
2C 2C
1 E(X) — €2
=1- Y

From the definition of é(¢), we have that
2 2
E(X) > sup {e +4(1-6(e)) }

On the other hand for every x,y € Sx, é( HxEyH ) <1—||x +yl||/2C, which implies that

syl + e yi? < e act (1)
< C2e2 +4C% (1-6(e))?.
Hence E(X) < sup {62 +4(1- (5(6))2}. So we obtain the desired equality. [
Definition 7. [9] The modulus of uniform smoothness of a quasi-Banach space X is defined as

x+ y—
pl(e)—sup{l—nzcm:x,yeSX,”Cm—e}_

Definition 8. Let X be a quasi-Banach space. Define

2 _ 12
f(X):inf{“x+yH ;”x vl :x,yeSX}.

Theorem 8. Let X be a quasi-Banach space, one has the following equality:
f(X) =inf{e® +4 (1 —p1(e))*: e € [0,2]}.
Proof. Take x € Sx,y € Sx, and M = e. It follows from the definition of f(X), that

C2e? + ||lx + y||?
fix) < Syl

Thus we have

eyl VR -
2C  — 2C

_ f(X) =€
=1- 25—

From the definition of p; (¢), we have that

£(X) < inf {62 +4(1- pl(e))z} .
On the other hand for every x,y € Sx, p1(||x —y||) > 1 — ||x +y||/2C, which implies that

Ix +yl* + [lx = y[|* > C2e* +4C* (1 — p1 (|| x — yI]))?
> C2e% +4C% (1 — p1(e))?.

Hence f(X) > inf {62 +4(1—p (e))z} So we obtain the desired equality. [

Now, we are going to introduce a special von Neumann-Jordan constant, and get some relationship with
property of uniformly non-square.
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Definition 9. Let X be a quasi-Banach space. Define

I+ yl12 + [l —yl*
C}\U(X):sup{ 102 :x € Bx,y € Bx ;.

Definition 10. [10] A quasi-Banach space X is said to be uniformly non-square if there exists a positive number
6 < 2 such that for any x,y € Sx, we have
x—y
<.
)=

. xX+y
min (|24
Theorem 9. For p € (1, 00). A quasi-Banach space X is uniformly non-square if and only if there exists § € (0,1) such
that for any x,y € X, we have

7

2 2
(" + lyllI”

Chj(X) < (2-9) 5

Proof. Let X be an uniformly non-square quasi-Banach space and on contrary assume that inequality is not
hold. Therefore for every positive integer , there exists x,; and y, in X such that

2 2
0 + yull* + 120 — yall® > 2_1 |2 |7 + [yl
4C2 n 2 )

Letx, € Sx and y, € Bx = {x € X : ||x|| < 1} for all n. Without loss of generality we assume that ||y, ||
converges to some 7y, where 0 < ¢y < 1 we have
Xn + Yn Xn — Yn

2
AT
n 2 2C 2C

2
(c (llxall® + |yn||2)>
<2
2C

2 2
(14l
2
1+ [yl )2
2(2 .

According the function f(y) = 9? is convex, which leads

(1+’y)2—< .H27>2g22 (14;72> =2(1+77).

Letting n — oo, we obtain

2
+

2

IN

(1+7)?
T2 =2 thenwehave =1.
Therefore ) )
Xn + Yn Xn — Yn
5c + °C — 2.
This contradicts to the fact that X is uniformly non-square.
Conversely, suppose that
St R WY P 21 el 1
2C 2C - 2 '
In particularly, let x1,xp € Sx we have
X1+ X3 X1 — X2
< (2 _
2C 2C <(2-9)
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Which implies that

X1+ Xp
C

X1 — X2
C

7

o a(-9)'

Hence X is uniformly non-square. This completes the proof. [
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