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Abstract: During the early phase of Covid-19, the transmissibility of the coronavirus disease was estimated
using the classical SIR and SEIR models. However, with the advent of some controlling measures in its
informative stages, these classical compartmental models have been ameliorated to provide accurate insight
of the coronavirus disease. The paper seeks to derive the basic reproductive formulas for these improved
models using the matrix approach. These transmissibility equations detail the dynamics of the coronavirus
disease for all phases of the pandemic; either the infected population is on lockdown or not; either infectious
persons are quarantined or not; either a vaccination program has been rolled out or yet to be rolled out. With
the availability of data, any of these transmissibility equations could be adopted to report on the endemicity
of the coronavirus disease.
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1. Introduction

he paper presents the basic reproductive formulas for several enhanced coronavirus models. These
m formulae highlight the transmissibility of the coronavirus disease regardless of its states. The basic
reproductive equation and its corresponding number is a measure of the transmissibility of a viral disease.
It is often denoted by Ry (R nought). It measures the mean number of new infections assuming an infectious
person is introduced into a susceptible or naive population and is one of the fundamental concepts in infectious
disease modeling. The basic reproductive number gives a simple and clear explanation of the growth or decay
of an endemic disease. With a threshold value of unity, it is theorized that a disease will invade a susceptible
population when R is greater than this threshold value. On the other hand, the disease will die-out when
Ry is less than one [1,2]. Related to the basic reproductive number is the Malthusian or exponential growth
parameter R [3]. With the Malthusian parameter classification, the disease will invade the host population
when R is greater than zero, but dies-off when R is less than zero.

Generally, the basic reproductive formulas are derived using three main approaches, that is statistical[4,5],
stochastic [6,7], and mathematical [8-10]. The mathematics has several subdivisions and the most common is
the use of the matrix (NGM). In all cases, the basic reproductive formula is obtained from the Jacobian matrix.
The Jacobian matrix is the first partial derivatives of the given system of equations. The differential equations
are also deduced from the compartmental diagrams.

During the early phase of the corona pandemic, [11], used the Ry from an SIR model to explain
the transmissibility of SARS-CoV-2 for some selected cities in Italy. The authors estimated that the basic
reproductive number for these nine cities to range between 2.43 and 3.10. In a similar research by [12], the
Rg for Iran was also inferred from an SIR model. The value was estimated to lie within the neighborhood of
4.8 during the first week of the coronavirus pandemic but reduced drastically to a value less than one after
the seventh week. In Wuhan where the virus erupted, the basic reproductive number was estimated in the
range between 2.8 and 3.9 based an SEIR model [13]. The paper stated that the transmissibility of SARS-CoV-2
during the early stages of infection was higher than SARS-CoV.

Though the Ry of the coronavirus disease has been addressed in several papers, these values may
not replicate the transmissibility of the virus within its informative stages. These exiting values were
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estimated during the earlier phase of Covid-19, where there were inaccurate data on the spread and control
of SARS-CoV-2. In the recent past, new compartmental corona models have been developed to appropriately
explain the dynamic of the coronavirus disease depending on the eradication strategies adopted to control
the spread in a naive population [14]. It is therefore imperative to derive the corresponding Ry equations
to properly reflect the transmissibility of the virus. The basic reproductive formulas are derived using the
next-generation matrix approach. Here, the NGM with three different domains is considered in deriving the
transmissibility equations. [2] presents a detailed explanation of these domain classifications.

The mathematics of the next-generation matrix is presented in Section 2. In Section 3, the R( equations for
eight Covid-19 models are presented. For each model, three different NGM domains are employed to derive
the Ry equations. Section 4 provides a general summary of the entire work.

2. Next-generation matrices

This method was first introduced by [15] but was further elaborated by [16]. To derive the basic
reproductive number (Rp) using the next-generation matrix, the Jacobian matrix (J) for the infected
sub-population is decomposed into a sum of two matrices; the transmission matrix (I') and the transition
matrix (A). T accounts for the number of new infections, while A used to characterize movement to-and-fro
compartments. The transmission and transition matrices are used during the computation process of the NGM.
Besides, the R equations are the dominant eigenvalues or spectral radius of the NGM.

Here, the NGM is categorized under three domain headings; a large domain (D} ), classical domain (D¢),
and small domain (Dg).

The spectral formula for the NGM with large domain is given by

Dy =-TA™ L (1)
Similarly, the NGM with the classical domain is deduced from Equation (1) as
Dc=¥Y'D,¥ = —¥'TA™ ¥ 2)

where ¥ is an arbitrary matrix composed of unit column vectors (e;) such that the ith row of the transmission
matrix is not zero [2].

The dimension of the large domain could be reduced to obtain the result of the NGM with small domain.
For the small domain, the transmission matrix (I') is dichotomized into two separate vectors (), A). A row
vector (Q)), and a column vector (A) are defined to satisfy Equation (3).

r,']‘ = AZQ] (3)
Then the NGM with the small domain is defined as
Dg = —QA7'A. (4)

For the small domain, the spectral radius of this matrix (4) is also the basic reproductive formula. With
the other two domains, the trace of the spectral formula is the basic reproductive equation. These domain
analyzes are summarized by the following propositions.

Proposition 1. The NGM with classical domain D¢ and the NGM with large domain Dy have the same non-zero
eigenvalue.

Proof. Let © be an eigenvector of D¢ with corresponding eigenvalues Y. Then Dc® = —¥Y'TA™'¥Y@ = YO.
Multiply this identity by ¥ to get —~YY'TA YO = YYO. But ¥¥'T =T, so ¥O is an eigenvector of D with
corresponding eigenvalue Y, and the non-zero eigenvalues of D¢ and Dy are the same. [

Proposition 2. The NGM with small domain Dg and the NGM with large domain Dy have the same non-zero
eigenvalue.
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Proof. Let © be an eigenvector of Ds with corresponding eigenvalues Y. Then Ds® = —QA~!A® = YO.
Multiply this identity by A to get —AQA"TA® = YA®. But AQ = T. So A@ is an eigenvector of D; with
corresponding eigenvalue Y. [

Remark 1. The NGM with domains D;, D¢ and Dg have the same rank, same non-zero spectrum and same
dominant eigenvalue.

3. Covid-19 models and their basic reproductive equations

The compartmental models discussed in this paper are detailed in [14]. The following notations are
used to represent the various sub-populations: S — susceptible, I —infected, E — exposed, R — removed
or recovered, L — lockdown, Q — quarantine, V — vaccinated, I, — asymptomatic patients, and Iy —
symptomatic patients. The parametric constants used for the formulation of these models are summarized in
Table 1. We begin by considering the simple SEIR model.

Table 1. Model Parameters and Their Definitions

| Parameters Definition |

m Birth rate

0% Natural death rate
a3 Recovery rate I,

Ky Recovery rate of I,

€ Incubation/latency rate
o1 Outflow from I to R
ap Outflow from Q to R
B Outflow from S to [
B1 Outflow from S to E
¢ Outflow from E to S
K Outflow from E to I
¢ Outflow from I, to I,
01 Outflow from I to Q
0> Outflow from E to Q
n Outflow from S to L

) Outflow from L to S
w1 Outflow from S to V
T Infectivity factor

3.1. SEIR Model

The simple SEIR model that characterizes the coronavirus is given by the system (5).

S'(t) = puN—p1SI—S+¢E;
E'(t) =piSI—(y+e+Q)E;

, 5)
I'(t) =eE—(y+m)l;
Rl(t) =1l —yR.
The infectious subsystem is deduced from Equation (5) as
E'(t) =p1SI—(y+e+)E; ©)
I'(ty =€eE—(y+ua)l
Then the Jacobian matrix from the system (6) is computed as
—(v+e+g) p1S
= 7
J(E 1) . (4 ) @)
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The Jacobian matrix is decomposed into two matrices as shown below.

0 B4S —(r+e+9) 0
F - , A =
0 0 € -—(7'+»a1)
Then the inverse of the transition matrix is also computed as
-1
1 Y+e+g 0
A= —€ -1

(y+a)(r+e+d) v+wm

The basic reproductive equation (Ry) is derived by considering the following domain cases.

Case I: NGM with large domain
The NGM with large domain is denoted by (Dy), that is

€p1S B1S
Dp=-TA ' = |(v+a)(y+e+8) 71+,
0 0

Therefore the basic reproductive formula considering a large domain matrix is

Eﬁls
(y+a)(y+e+¢g)

Rk = trace(Dy) =

Case II: NGM with classical domain

The NGM with classical domain is denoted by D¢. Here, we assume an auxiliary matrix ¥ of the form:

Y= 10 . This implies that
00
o
‘I’/F_[g Bﬂ and —A¥ = THe+s
(r+a)(r+e+9)

Then the spectral formula is given by

eﬁls 0
Dec=-YTA YW = | (v+ar)(y +e+9) .
0 0

Deductively, the basic reproductive number considering a classical domain matrix is given by the equation

eﬁls

c —
Ry = trace(D¢) = (y+a)(y+e+d)”

Case III: NGM with small domain

The NGM with small domain is denoted by Ds. We define an arbitrary row vector () and column vector

!/
A such that Q) = [0 ,31} and A = {S 0} - Note that I';j = A; x Q);. This implies that

€p1 B1
(y+a)(r+e+d) v+wm

—OA = [

Then the basic reproductive formula for a small domain matrix is

Eﬁls
(v+a)(y+e+g)’

R =Ds= QA A=
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It could be realized that the Rg result for these different domains are equivalent to each other. The
susceptible population S is assumed to equal unity for a naive population. Again, if we assume that birth
rate y offset death rate 7y then the basic reproductive number for the SEIR model reduce to

_ epr
wy(e+8)°

Moreover, the Ry value for the SEIR model reverts to SIR model when ¢ = 0. That is
Ry=PL.
X
3.2. SEI;I,R Model

The system of equations for an SEIR model with asymptomatic (I,) and symptomatic (I;) compartments
is given by (8). This system is hereafter referred to as the SEI;I,R model.

S'(t) =uN—B1S(Is + tl,) — vS+ CE;

E'(t) =B1S(Is+tly) — (v +e+&)E;

I[(t) =€ekE+ ¢l — (v +ay)ls; (8)
I(t) =e(1—k)E—[y+az+¢|ls;

R'(t) = wayls+asl, —yR/,.

Equation (8) is reduced to form the infectious subsystem as (9).

E'(t) =PB1S(Is+7l) — (y+e+&)E;
II(t) = ekE+ ¢l — (v +aq)ls; )
L(t) =e(l-KE-[y+as+ L.

The Jacobian matrix is deduced as

—(r+e+9) p1S 7815
](E, I, Ia) = €k —(’)/4—“1) ¢
e(1-k) 0 — (7 +az + ¢)
Then
0 p1S 0 —(vy+e+9) 0 0
F=10 0 0f, A=) ek  —(r+ay o
0 0 0 e(1—k) 0 —(y+a+9)]
and _
_ -1 0 0
Yy+e+¢
Al — —ek(y +az +¢) + pe(1 — k) -1 —¢
- (’Y+€+§()1(’Y-|I;)ocs+4>) T+ ay (7+¢x4)(71_|_0¢3_|_¢)
—e(1— v
rerDrtmte) P

Similarly, the basic reproductive equation (Rg) for this model is derived by considering the following
domain cases.

Case I: NGM with large domain

PiSlek](y +as +¢) +¢e(1 —k)  BiS $p1S
p, = |(rHetOrta)(rtaste) yha (v+a)(r+as+e)
0 0 0

0 0 0
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Hence the basic reproductive number is deduced as

L _ trace _ epiSk(v+az+¢) + (1 —k)]
Ry =trace(DL) = 0 O T ) (7 a3 1 9)

Case II: NGM with classical domain

1

k 1—k
0|,then¥T=1(0 0 0|,-A1¥Y= ek(y + a3+ ¢) + ¢pe( )
0

0 0 (’Y+€+€§)(7;r“3+¢)

00

Welet¥Y = 0 0]. The

oS O =
o O O
o

0

(y+e+8)(r+as+¢)
cpiSlk(y +as+¢) +9(1—K)]
(7+€+C)(7+0044)(’7+043 +¢) .

0 0

next-generation matrix is of the form D¢ = —¥’ TA~1Y = . Then

o O O

- _ hiS[k(y +as +¢) +¢(1 —K)]
ROC = trace(Dc¢) = (Y+e+O)(y+ag)(y+az+¢)

Case III: NGM with small domain

/
The transmission matrix is decomposed as () = [0 B1 0} and A = [S 0 0} . Then

Copt _ [ Bk +as+9) +o1-R)] B B16 ]
(rtet+O(r+ag)(y+az+¢) v+as (v+ag)(y+az+e)

and
S_ . a1 _ €B1Sk(y+az+¢) + (1 k)]
Ro=Ds =08 A = O e O +a)(r +a +9)

3.3. SIR Model with Quarantine

The model equation for this Covid-19 characterization is given by

S(t) =N —BSI—1S;
I'(ty =pBSI—[y+61+aq]L;
") =01 (v+a2)Q
t) =al+aQ—9R.

(10)

BS — (7 + 61+ a1) 0
61 —(7+a)

—(7+61+a1) 0
o ~(y+a

For the infected states, then Jacobian matrix is J(I,Q) = . Then the

. . . S 0 .
transition and transmission matrices are deduced as I' = l'B ] , A = , with

0 0

-1

_ 0
the inverse matrix A~ = v +€191+ ! 1

(’y+a2)('y+zx2 Y+

Case I: NGM with large domain

Dy =

BS
_P BS
+6; + d Rb=__"" |
7 (1) M 0 an 07 y+0+
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Case II: NGM with classical domain

1
Welet¥ = .
e [0 0 0 1 0
(7 + a2)(y + 01 + 1)
The next-generation matrix for the classical domain and its corresponding basic reproductive number are

8 ,then ¥'T = [’BS O],and Ay = 'Y+991+0€1

respectively given by D¢ and R§ below.

BS
—— 0 BS
Dc= |7v+6+a and R§=—"" —
< 7 (1) ! 0 v+ 9] +aq
Case III: NGM with small domain
!
The decomposed matrices are of the form (2 = [/3 O], A= [S O} ,then — QA1 = [ﬁ O].
v+0;+a
Here, the basic reproductive number is equal to the spectral formula and is given by
S
RS =Ds=-0aA=— P>
0 S v +0;+ay

3.4. SEIR Model with Quarantine

The model equations for the SEIR with quarantine is given by (11):

S() = N — B1ST— 7S +CE;
E'(t) =p1SI—[y+60+€e+)|E;

I'(t) =€eE—[y+61+a]l; (11)
Q(t) =61I+6E—(y+a2)Q;

R'(t) =wal+aQ—9R.

The Jacobian matrix for the infected sub-population is

—(y+0,+€e+9) B1S 0
J(E,1,Q) = € —(7+61+a) 0
) 01 —(r +a2)

The above matrix is decomposed as

0 B1S 0 —(y+6,+€e+9) 0 0
r=1{0 0 0|, A= € —(y+61+a7) 0
0 0 0 0, 6, —(7v+a2)

This yields the inverse of the transition matrix as

-1

_ 0 0
Y+0+e+¢
_ € -1
A= ) — 0
(Y+602+e+8)(y+61+a Y +61 40y
€61+ 62(7 + 61 +aq) —61 -1

—(v+bte+d)(ry+oO+a)(y+a2) (y+0i+ar)(y+az) (v+az)

Case I: NGM with large domain

6515 ﬁls
0 0 0
For this case, the NGM; D; = (r+ 2+€+€>(7+ 1ta) vt (1)+1X1 0 and Ré =
0 0 0

Gﬁls
(Y+602+e+8)(y+61+a)
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Case II: NGM with classical domain

€ﬁ15
(Y+6+e+8)(y+61+a1)
0

Letting ¥ = , then Dc = —¥'TAY =

S O =
o O O
o O O

00
00
0 00
Gﬁls
(Y+602+€e+3)(y+601+ar)

basic reproductive number for this case is R§ =

Case III: NGM with classical domain

/
The matrix I' is break-down as () = {0 B1 0} ,and A = [S 0 0} . Then

—OAT! = [ b1 h1 F1o1
(Y+02+e+8)(y+01+ar) (y+601+ar) (v+60+a)(y+a)
and S
RS=D b1

ST Y+ 0 tet+d)(r+0+ar)

. Thus, the

In subsequent derivations, the mathematics of the next-generation matrix are evinced without enough

emphasis to the use of words. Besides, the Ry results are obtained for all three domain cases.

3.5. SIR Model with Quarantine and Lockdown

This corona characterization is represented with the differential Equation (12).

S'(t) =uN—PBSI—(y+1n)S+4L;
L'(t) =nS—(v+9)L;

I'(t) =pSI—[y+61+m]L;

Q(t) =0I—(7+a)Q;

R'(t) =al+aQ—9R.

Considering only the infected states, the matrix of first partial derivative is given by

(12)

From the Jacobian matrix, the required components A, and I' are obtained as I' = l‘B OS 8] ,and A =

—1
_ 0
(7 + 061+ a1) 0 , with the inverse matrix A~ = v +€19+ * 1
aq —(7+a 1

(Y+w)(y+ay v+ap

Case I: NGM with large domain

D, =

BS
P> BS
+6; +a d Rj=—\1H=-__.
v o o an 0 ¥ +m

Case II: NGM with classical domain

Dc =

BS
— P2 9 BS
+6; +u d R§=—"""
T o o e BT e

1 0
here ¥ = .
—
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Case III: NGM with small domain

/
where () = {ﬁ 0},andA: [S 0} .
3.6. SEIR Model with Quarantine and Lockdown
The model equations are
S'(t) =uN—PB1SI— (y+1n)S+ 6L+ CE;
L'(t) =nS—(v+o)L;
E'(t) =PB1SI—[y+62+€e+|E

(13)
I'(t) =€E—[y+0+a];
Q(t) =61I+6E— (v +ax2)Q;
R'(t) =wal+aQ—R.
The Jacobian for the infected states is
—(y+6,+€e+0) B1S 0
J(E,1,Q) = € —(7+61+a) 0
6> 61 —(7+az)
0 B1S O —(y+6+e+0) 0 0
Then I = |0 0 O0f, A = € —(y+61+a7) 0 , and A7l =
0 0 0 0> 01 —(’)/—FDCZ)
-1
_ 0 0
Y+6+e+¢ 1
€ —
_ 0
(’y+92+e+§)(’y—|—91—0—1x1) Y461+
€91+92(’)/+91 -‘r-Dél) —6 -1

—(r+bh+e+d)(r+0+a)(r+a) (y+0+a)(y+a) (v+az)

Case I: NGM with large domain

€p1S B1S

0
D, — (Y+bt+e+o)(r+0+m) 7+ +m RL — €B1S
0 0 0" "0 T (vt tetrd)(y+0i+m)
0 0 0
Case II: NGM with classical domain
€p1S 0 0
De= |(¥HOatetO(r+o+m) RC — ep1S _
0 0 017 ™07 (y+6,+e+8)(y+61+a1)
0 00

The entries of ¥ are the same as the SEIR model with quarantine.
Case III: NGM with small domain

5
R§=Ds=—-0AA= 1 .
0T (7+0+e+8)(r+01+a)

The entries of () and A are the same as the SEIR model with quarantine.
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3.7. SIR Model with Quarantine and Vaccination

The SIR equations with quarantine and vaccinations are expressed as (14).

S(H) = uN = BSI— (v +wn)S;
V'(t) =wS—9V;

I'(t) =BSI—[y+6; +a)l;
Q) =60I—(r+a2)Q;

R'(t) =wa1l —yR+ aQ.

For the infected sub-compartments, the Jacobian is mathematically expressed as

J(LQ) = lﬁs - (7;;91 o —('yiocz)

The transition, transmission and inverse matrices are

-1

Afl _ ’)’+9] +IX1
7 - 791

—(’Y+91 +061) 0

, A=
o —(v+az

_|ps o
rlo 0

(14)

(7 +a2) (7 + a2
Case I: NGM with large domain
_BS

0
Y+ 61+ and R(%:
0 0

BS

D; = .
L ’)’+91+0€1

Case II: NGM with classical domain

BS

0
v+ 61+ ] and Rg:ﬁis
0

Dec = .
¢ ’)/+91+0é1

0

The entries of ¥ are the same as the SIR model with quarantine.

Case III: NGM with small domain

S
RE=D :—QA_lA:ﬁi.
0 s v+01+a;

The entries of () and A are the same as the SEIR model with quarantine.
3.8. SEIR Model with Quarantine and Vaccination

The SEIR model with quarantine and vaccinations is given by the system (15).

S'(t) =uN—p1SI— (y+w1)S+CE;
(t) =wiS—7V;

E'(t) = B1SI — [y + 62+ € + C|E;
I'(t) =eE—[y+61—a];

Q(t) =01I+60E—(y+a)Q;
R'(t) =wl—vR+xQ.
For the infected states
—(y+0,+€e+9) B1S 0
](ErlrQ): € _(r)/+61 +“1) 0

) 01 —(7+az)

Ytz

(15)
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and

0 B1S 0 —(Y+6,+€+8) 0 0

r=140 0 0|, A= € —(7+6, +a7) 0
0o 0 0 62 61 —(7+a2)

-1
_— 0 0
Y+0+e+¢
A= e ) R 0
(Y+02+e+8)(y+0+a v+01+m

€61+ 62(y + 61 +aq) —0 -1

—(y+bt+e+d(r+0+a)(r+a) (y+0+a)(y+a) (v+az)

Case I: NGM with large domain

Eﬁls ‘315 0
D, = (Y+b+e+d)(y+6i+ar) y+6+a RL — €p1S
0 0 0’ O (v +0+e+8)(r+0+ag)’
0 0 0
Case II: NGM with classical domain
Gﬁls 0 0
De = (r+62+e+E)(y+61+a1) RC _ €p1S _
0 0 0" O (Y0 te+8)(y+0+ar)
0 00
Case III: NGM with small domain
Gﬁls

R§ = Ds = :
(r+62+e+8)(y+ 61 +ar)
These R( equations presented in this section explain the transmissibility of the coronavirus disease under
several varied conditions. The choice will depend on the underlining characteristic of the coronavirus disease
within the host population.

4. Conclusion

Since the outbreak of the coronavirus diseases, its endemicity is inferred from the Rj of simple SIR and
SEIR models. In some recent corona model offshoots; lockdowns, quarantine, and vaccination compartments
have been introduced to reflect the current state of Covid-19.

In this paper, we derived the basic reproductive equations from these improved models to fully
characterize the spread of the coronavirus disease within the informative stages. In section three, divergent Ry
formulas were presented depending on the state of the Covid-19 infections, and the measures implemented to
curb the spread of the virus.

The next-generation matrix was used to derive these basic reproductive equations. In each case, the Ry
equation was derived using three different NGM domains; the classical domain, large domain, and small
domain. These unique domain analyses yielded the same Ry equations. This was corroborated with two
propositional proofs.

With a better insight on the spread and control of the coronavirus disease within the informative phases
of the corona disease, stakeholders could opt for a suitable Ry equation among these to appropriately report
on the transmissibility of SARS-CoV-2.
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