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Abstract

The idea of statistical convergence of sequences in Hefisdpological spaces was introduced and
studied to some extend by Di Maio and Kocinac in [1].tHis paper we consider the concept|of
statistical continuity of functions and give a chardztgion of them by using statistical convergent
sequences in first countable Hausdorff topological spaces.
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1 Introduction

In general, it is known that the notion of statistical convetgeof sequences of real numbers was introduced

by H. Fast in [2] and H. Steinhaus in [3] and it is basethemotion of asymptotic density of a sét[1 N
[4,5,6]. However, as stated in [1], the first idea atistical convergence appeared in the first editiornef t
celebrated monograph [7] of Zygmund but under a different nasm&naost convergence. It should be
expressed the notion of statistical convergence has beaide@d, in some other contexts, by several
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people like R.A. Bernstein, Z. Frolik, etc. We comeoasrto applications of the statistical convergence
concept in different fields of mathematics such as summaliiieory [8,9,10,11], number theory [12],
trigonometric series [7], probability theory [13], measureoty [14], optimization [15] and approximation
theory [16]. The statistical convergence was generalizesegoences in metric spaces (see, for instance,
[17]). Di Maio and Kocinac [1] introduced and studied statal convergence in Hausdorff topological
spaces and uniform spaces and offered some applicatisetetdion principles theory, function spaces and
hyperspaces. After introducing by Fast [2], it has be&erg rapid investigation concerning the notion of
statistical convergence of sequences of real numberstas papers [8,10,18,19,20]. After Freadman and
Sember [9], Kolk [18], taking in Fast’s definition of stétially convergent sequence and Fridy’s definition
of statistically Cauchy sequence an arbitrary non-negaégular matrix A instead of Cesarg @troduced

the notions of A-statistically convergent and A-stitally Cauchy sequences in normed spaces. Independly
Maddox [19] introduced the statistical convergence in locafywex spaces. Statistical limits of measurable
functions were considered by F. Moricz in [21] to some r@xt€ounting as recent examples of studies on
similar topics; A. Boccuto et @resented some different types of ideal convergence/dineegand of ideal
continuity for Riesz space-valued functions, and proveesbasic properties and comparison results in [22].
B. T. Bilalov and T. Y. Nazarova studied on the statistical typevergence and fundamentality in metric
spaces in their work [23]. B.T. Bilalov and S.R. Sadigoveoihiced the concept of statistical continuity in
[24]. Then B.T. Bilalov and T. Y. Nazarova considered thacept of statistical convergence in metric
spaces proving its equivalence to the statistical fonesfiality in complete metric spaces in [25]. In the same
paper after introducing the concept of p-strong convergeree groved its equivalence to the statistical
convergence and gave Tauberian theorems concerningictatistnvergence in metric spaces. They also
considered tatistical convergence in Lebesgue spaces in [26] ane ga criterion for statistical
convergence.

It also should be expressed that the concept of statisticabig@nce in topological spaces was introduced
by Di Maio and Kocinac and studied the concept to somenéxt]. Inspired by [1], we introduce the
definition of the statistical continuous function concept arghtigive a characterization of statistical
continuity of functions by means of using statistical cogeat sequences in Hausdorff topological spaces.

2 Definitions and Basic Properties

We shall start with the remembrance of some basicitlefis, notations and auxiliary results concerning the
concept of statistical convergence.

Definition 2.1. Let AL N ={123,..} andnON . put A(n) ={adA: a<n} . If there exist

)
noe n

, it will be called the asymptotic density of the seard denoted byél(A) , whereH

- |A(Nn
denotes the cardinality of any sé&t[] N . If we have the limitlim | ( )|
n-o n

the natural density of the set A and denoted§yd) . Therefore, if the set A has the the natural density, we

, then this limit value is called

. |A(Nn
have O(A) =9, (A) =Ilim M Note that the density values, if they exists, are ininteval [0,1].
n- oo n

Obiviously we haved(A) = 0 provided that A is a finite set of positive integers.

Let’s give a definition concerning the notion of a statétjicconvergent sequence introduced by Fast [2].
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Definition 2.2. The sequencdX.).,y Of real numbers is said to convergence statisticallyhéo real

. _ st_ .
numbers x and denoted b§m (stat—Xx,) =X or briefly X, —Xx if for each £>0 we have

n- o

O(A.) =0, where A, :{nD N: |Xn —XI > 5} . It is clear thatd(A) =0 equals tod(A°) =1,
where A° ={nON: |x,—-X<&}=N-A .
Another well-known definition of a statistically convergeetjuence(X,,) is such as following: We have

xnitx if Inip?o%|{ksn:|xk—x|2£}{=0.

3 The Main Results

We start by giving the definition of topological statistigaionvergence concept for a sequence in a
topological space as done by Di Maio and Kocinac in [1].

Definition 3.1. Let X be a non empty set ar{&, 7) be any topological space.

The sequencéX, )y Of X is said to converge topological statistically to the eletx in the topological
spaceX if for each neighbourhood in the N (X) (where N(X) is a collection of the neighbourhoods of
element x ) we haved(A,) =0, where A, ={nD N:x,0OU } . We denote this case by

. T —st .
lim (7 — statx,) = x or briefly X, X. Whenlim x, = x, for each& >0, there exists such a

n- oo n- oo

n, that for eachn, <n, NLN we have|Xn —XI < &, following Proposition 3.2. is trivial due to the
definition of the topological statistically convergence.

Proposition 3.2. If lim X, = X, thenlim (7 — statx,) = X holds.

Nn- oo n- o

The conclusion contained in following Lemma 3.3 can befalsod as a statement in [1].

Lemma 3.3.[1] Let (X,7) be a Hausdorff topological space, then topological statigtigait is unique.

Proof. Take a sequence(X,) X and suppose we havelim(7 —statx,) =X and

LirTl(T - statx,,) = y. We should show the equality = Yy . For the contrar:jiction, suppose# Y. Since
X Hausdorff topological space, there exidtl] N(x) ve V ON(y) such that U nV =0 . By
considering,A,° ={nON:x, 0OU }, A°={nON: x, 0V } and5(A,%) = 3(A,°) =1, we
have A,° n A,° 20 . Then, there exists at least kil N such thatx, DU n'V, but it contradicts

with the assumption. Hence =y .

Following Theorem 3. 4. is a generalisation of a well-knogsult in the case of statistical convergence for
sequences of real numbers to the first countlllalesdorff topological spaces. For the sake of completeness,
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it is presented to the readers a clearly understamgabbf of Theorem 3.4. which belongs to Di Maio and
Kocinac in [1].

Theorem 3.4.[1] Let (X, T) a first countablédausdorff topological spacéX,) L] X and XU X . Then,

X

n

st
X if and only if there exists a sé€ L1 N suchthatd(K) =1 andX, - X

Proof. Since X first countabletopological space we have a decreasing collection of figbeurhoods of
the element x, that is a local baké, L1U, OU, O...0U .

Let K, ={nDN: X, 0U, } and j=123..,n . Then we haveJ(Kj)=1 such that
K,y OK; O0...0K, OK,. Take anyV; 0K . Sinced(K,) =1, we haveLi[Il%Kz(n) =1. Take

5:1 , then for[h, :n, < n we havel =:|.—1 <£K2(n) <1+£
2 2 2 n 2

1 1
ma>{n0,vl } =N <V, andV, OK, such that, forV, <n we ge{2— <=K,(n). If we continue to
n

1 1 2
apply the same thing fof = 3 and K;, we have—K,(n) > 3 for V, <V, andV, < n. By this way,
n
we obtain, with induction, positive integers such thef <V, <V, <..<V;<.. . Now

VvV, OK, (j =123..) and%Kj(n) >JT__1 for eachn=V;.

Let construct a set K such asK =([V,,V,) NN)U([V,,V,)NK,)U.... We can write it as

K= U[Vl an+1)ﬂ Kj .
j=0

SinceV; sn<V,, and1 K(n) 2 1 K, (n) > J—_l for eacn, we haved(K) =1.
n n j

Now we should show that for aly [ N(x) we have[k, 0K such thatx, OJU for eachk, < K. Let
U, be a set such thdd ; 0U andV; <n for NLJK . Then there exists at least a numbesuch that
I2) andV, <n<V,, . From the definiton of the seK, we know N[JK; . Hence we have
X, OU; OU,; OU . Therefore we see, ALIK  there exists &, such thal/;, <n andx, OU .

As aresult we hav€X, )« — X .

For the opposite side, ldK :{kl <k, <..<Kk, <} ON, o(K)=1 and (X ),x — X. For
each UON(x) , we have somen, N such that X, LU for every ny<n . Let
A, ={nON:x, 0U } then we seed, TN ~{k, s, Ky 1z--- }- Sinced( N ~{k, s Ky oo0eee }
)=0 we haved(A,) = 0 which completes the proof.
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As can be inferenced from the below proof, wieX, T) is not first countablédausdorff topological space
Theorem 3.4. may not hold.

Theorem 35. Let (X,7;) and (Y,7,) be two first countableHausdorff topological spaces and
f:(X,r;) - (Y,7,) be agiven function. Then the following are equivalent.

a) f is continuous.

=Sty then £ (x ) T—St

b) If X,

f(X).

T —st

o If X, » Xthen f(X,)

f(x).

T —st
Proof: a=>b: Let X, X, then the conditiond K [J N : 9(K) =1 andX, — X are satisfied

from the Theorem3.4. Sincé is continuous, the convergende(X, ) — f(X) implies the convergence

Fx) 2 f ().

st
X satisfies. From the hypothesis in b) the convergence

r
b=c: Let X, — X be given. ThenX,

F(x,) =2

f (X) satisfies.

¢ = a To show the continuity of the functiofi : (X,7;) — (Y,7,), we will use closed sets in the space

Y. (We denote the closure of any eby U ). LetU be a closed set in the topological sp¥c# is enough

to show that the sef ~*(U) is closed in the topological spae Take anyXDfT(U). SinceX first

countable topological space there exists a seque(¥g) in X such thatX, — X. Then from the
T—st

hypothesis we gef (X,) f(X). The conditionsCK [0 N : 5(K) =1 and f(x, ) - f(X) are

satisfied from the Theorem3.4. BY (X, )JU and f(X) OU =U we havexO f *(U) and so

f(U) O f (V). since the seff *(U) is closed inX we see the functioh is continuous.

Definition 3.6. Let (X,7;) and (Y,7,) be two first countableHausdorff topological spaces and

f:(X,r;) - (Y,7,) be a given functionf is said to be ‘7, —7, statistical continuous” if the

st
convergencex,, X implies the convergencé (x,) — f(Xx) for everyxJ X.

Theorem 3.7. Let (X,7;) and (Y,7,) be two first countableHausdorff topological spaces. Every
I, — T, statistical continuous functionf : (X,7;) - (Y,7,) is continuous.
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Proof: Since continuity and sequential continuity are equivalerfirét countableHausdorff topological

t
X, so from the

- . . . r
spaces it is enough to shdis sequentially continuousVhen X, — X we haveX,
definition, the convergencd (X,) — f(X) satisfies which means sequential continuous.

The converse of Theorem 3.7 does not hold. There may beoatiguous functionf : (X,7;) - (Y,7,)
which is not7, — T, statistical continuous. For example; the identity fiomctl : R - R, I (X) = X

continuous according to usual topologies for the both sidesit isitnot 7, — 7, statistical continuous

st
X, the convergenc&, — X does not satisfy. Since setting a theory of contynuit

T
because, wheiX,

of functions on limit theory is very natural and Theorem iBplies that statistical continuity is stronger
than simple continuity, this result may stimulate a promgisesearch area mentioned in the introduction
part.

4 Conclusion

In this paper, investigating the relationship between thestitat continuity and the simple continuity, we
firstly consider the concept of statistical continuity of fiimes and then give a characterization of them by
using statistical convergent sequences in first countblalesdorff topological spaces. The difference
between the results in this paper and those existitiggititerature so far is that those well-known lattersone
are satisfied in some specific spaces such as meassapatules or metric spaces. As to this study, it implies
that statistical continuity is stronger than simple curity for general first countable Hausdorff topological
spaces which is an important contribution to the relateelarel area. This result can be considered as a
small beginning in the theory of statistical continuityfurictions concerning limit theory.
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